COMBINATORICS COMPREHENSIVE - Winter 2006

L

Do FIVE problews from Part T and THREE problems from Part 1L Passing requires ade-
guate performance on each Pard. Answers must be justified i words; give clear statciuents of
any theorews you use.

Part 1

1. Let 19, be the nth adjusted Fibonacel munber, defined by Iy = Fy = 1 and F, = I, +

s

Fy for n > 2. Prove by induction and by combinatorial argument that 5, = >0 (*7).
{Use a combinatorial problem solved by this sequence).
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2. Use generating fanciions to evaluate the sum E (—1)F (k) ( k)'
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3. A department has n professors and 2n courses, two assigned to each professor each sanestor.
How many ways are there to assign courses cach fall? ow many ways are there to assign them
i1 the spring so no professor teaches the same two courses in the spring as in the all?

4. A cyele-factor of a digrapl is a seb of (directed) cyeles such that each vertex lies on exactly

SCVW).

-

5. Let & be a graph in which any two odd cycles have a common vertex. Prove that x(G) < 5.
Construct a graph to show that the bound caunot be huproved.

6. Prove that every sunple planar graph with at least four vertices has ab least four vertices
with degree less than 6. TFor cach cven value of n with n > 8, construct an n-vertex siimple
planar graph that has exactly four vertices witl: degree less thau 6.

Part 11

7. Inasimple digraph, the edge set is a subset of the set of ordered pairs of distinet vertices. A
maonotone fournament is a tournament in which all edges point toward the larger-indexed vertex
or all edges point toward the sialler-indexed vertex. A commplese digraph has each ordered pair
of distinct vertices as an edge. Given m, prove that i N is suflicienily large, then every simple
digrapl with vertex set [N} has an independent set of order m or a monotone tournament of
order m or a complete loopless digraph of order .

8. Let I be a rank-synunetric LYM poset with rank 2 (an example is 204, Let I be an order
ideal in P. Prove that the average rank of the elements in I is al most n/2.

9. An army of computers is configured as a complete k-ary tree with leaves at distance [ from
the root {cach nonleaf vertex has k “children” farther from the root). At a fixed time, coch
node works with probahility p, independenily of others. When a node is not working, it and the
stibiree below it are inaceessible. What is the expected number of nodes accessible from the rool?

10, Fix s, 4, € N Say that a tournament T 18 s, 1L-good if for every choice of disjoint vertex sets
S and T of sizes s and 1, there is a vertex v such that S € N*(v} and T € N (v). Prove that
almost every tournament is s, t-good.



