Probability Comprehensive Exam, Spring 2010

1. (20 points) Suppose that r(k), k = 0,1,2,.--, is a sequence of positive numbers such that
r(k) — 0 as k — co. Show that if Xn, n=1,2,.-., is a sequence of random variables such that
EXn=0and BE(X,Xpm)<r(n-m)foralln=1,2,-.. and m = 1,---,n, then

X1+...+Xn_)

n

0
in L? and in probability.

2. (30 points) Let X, X3, - - - be independent random variables with EX; =0and VarX; < C < o.
Put S, =X, +.-.+ X, and D, = MaX,2<k<(nt1)? 1Sk — Sp2|. (a) Use the Borel-Cantelli lemma
to show that

lim Sz =
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almost surely. (b) Use the Borel-Cantelli lemma to show that
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almost surely. (c) Use the results of (a) and (b) to show that
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almost surely.

3. (20 points) (a) Suppose that X,, = X, Y, > 0 and Y,, = ¢, where c is a positive constant. Show
that X,.Y, = cX. Here = stands for convergence in distribution. (b) Suppose that Z;, Z,, - - - are
independent and identically distributed random variables with EZ; = 0 and E(Z2) = o? € (0,0).

Show that
% 4
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converges in distribution to a standard normal random variable as n — oo.

4. (30 points) Suppose that X, > 1, are independent and identically distributed random variables
with P(X; =1) = P(X; =—~1)=1. Put S =0and S, = X; +---+ X;, for n > 1. Let 7 be the
stopping time defined by o ' '

7(w) = inf{n > 0: Sp(w) = —a, or S,(w) = b)},
where a and b are positive integers. (i) Shaw that S2 — n is a martingale and find P(S; — b). (ii)
Find the expectation of 7. (iii) Assume that a = b. Show that 5% — 6n.S2 + 3n2+ 2n is a martingale
and find the variance of 7.



