COMPREHENSIVE EXAM, MATH 561

1. (60 pts) Let X be an exponential random variable with parameter 1. For
each t > 0 define

Mt:]-{XSt}_XAta .FgZO'({XSS}SSt)

a) Show that M is adapted to {F}.

b} For any A € F,, AN{X > s} is either 0 or {X > s}. Hint: Use Dynkin’s
m — A-theorem.

c) Show that M is a martingale.

2. (40 pts) Two common modes of convergence of random variables are con-
vergence in probability and almost sure convergence. We say the weak law (resp.
strong law) of large numbers holds for a sequence X;, X3, ... of integrable, centered
random variables if

X1+ +Xn
— = 0, asn — oo,
n
in probability (resp. almost surely).

a) If the weak law of large numbers holds, show that then X,/n — 0 in proba-
bility.

b) If the strong law of large numbers holds, show that then X, /n — 0 almost
surely.



