Comprehensive exam, Probability, May 2006.

1. (25 pts) For probability measures u, v on R, define

Y — / b du— / b v},

where the supremum ranges over all measurable functions ¢ with |¢(z)| < 1 for all z € R.
a) Show that this defines a metric on the space of probability measures.

b) If 1+ and v are absolutely continuous with respect to the probability measure A (for example
A = (p+v)/2), show that

du dv
Ilu—ullm—/lf—gl D, where f= B andg= 2.

and conclude that |jpn — v||var < 2, with equality if and only if there is a measurable set 4 ¢ R

such that x(A) =1, and v(A4) = 0.

c) If {p,}22, is a Cauchy sequence in this metric, show that there exists a probability measure
p with [[ptn — pllvar — 0 as n — oco. Hint: Consider the probability measure A = Dome 52 and
use part b).

2. (25 pts) Let {X,} and {Y,} be sequences of random variables. If X, converges weakly
to a random variable X, and Y, — X,, converges to 0 in probability, show that then also Y.
converges weakly to X.

3. (25 pts) Let X, Xy, X3,... beii.d. random variables with mean 0 and variance 1. Define
Sn = Y i1 Xk. Let 7 be a stopping time with respect to the filtration generated by {X}
such that E[7] < oo.

a) Show E[SZ,,] = ]E[Sf/\(n—n] + P(T > n).
is a Cauchy sequence in L!.
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(c) Conclude E[S?] = E[7].

(b) Show that S?

4. (25 pts) Let {A,}52; be independent events. Assume that Yooy P(Ay) = 0o. Show that

A |
limM:I

n—oo Z:=1 P(Ay)

where 14, denotes the indicator of the event Ay. Hint: Use Chebyshev’s inequality on
ZZ:I 1Ak'

in probability,





