Comprehensive Exam — PDEs (Math 553) — May 2008

Total points 100. Do 4 problems.

Instructions Show ALL your working and make your explanations as full as possible. Cal-
culators are not allowed on this exam, and neither are books or notes.
You may use Green’s Formulas:
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(1) (25 points) (First order equation)
Find the general solution of the equation

TUgg + Uzy = 0

where u(z,y) is a smooth function and z,y € R

Hint. Let v = ug.

(2) (25 points) (Poisson’s equation)

(a) Show that F(z) = —1/4x|z| is the fundamental solution of Laplace’s equation
in three dimensions:
F()Ad(@) dz = 6(0)
R
for every ¢ € C3°(R3).

(b) Use F' to write down a weak solution of Poisson’s equation Au = g in R3. Then
show formally that your u is a weak solution.



(3) (25 points) (Wave equation) For a continuous function f(z) on R™, the spherical

mean of f on a sphere of radius r and center z is
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where w,, denotes the surface area of the unit sphere in R™ and dS¢ denotes the
surface measure. Show that the spherical mean of f satisfies the Darboux equation

#? n-19
(52t — 5, Ms(@,7) = BoMy(z,7).

Hint. Show first that ZM¢(z,7) = Z=xA; f; P *M¢(z, p) dp by differentiating un-
der the integral sign and applying the divergence theorem appropriately.

(4) (25 points) (Wave equation)

a) Write down the solution of the wave equation vy = c®v,, in one dimension, with  X= ~Rect q
ol ond - _ i "R"' t ,(':'R"'Ct t )(:RK
initial conditions v(z,0) = 0 and v (z, 0) = ¥(z). X="Rg< A 3

b) Let R > 0 and suppose

@

Show v(z,t) = 0 in Regions 1, 2, 3 (that is, outside the shaded region)

U(z) = z when —'R<x< R,
0 otherwise.

-R R X
c) Solve the wave equation uy = ¢*Au in three dimensions with radially symmetric
initial conditions u(#,0) = 0 and

1 when |Z]| < R,
0 otherwise.

u(Z,0) = ¢(Z) = {

Hints. v = ru and part (a).

d) Describe the region in three dimensions where u is supported (that is, where it
is nonzero), at time ¢ = 2R/c.



(5) (25 points) (Heat equation)

(a) Let ¢ € R. Find an explicit solution formula for
{ut —Au+cu=0 zeR" te (0, 00),
(b) Assume u(z,¢) is a smooth function solving

Ut — Ugz — 27U, =0, T € (a,b), t€(0,00),
u(z,0) = f(x), z € (a,b),
u(a,t) = u(b, t) =0, t>0,
where f € C§°(a,b) and v € R is a constant.
Show that the energy

E(t) = %/ w(z, £ dz

is dissipated. Hence show the solution u is unique.



