Comprehensive Exam — PDEs (Math 553) — January 2008
Total points 100. Do 4 problems.

Instructions Show ALL your working and make your explanations as full as possible. Cal-
culators are not allowed on this exam, and neither are books or notes.

Notation Unless otherwise stated, T > 0 is fixed and {2 denotes a smoothly-bounded domain

in R*,n > 2. You may use Green’s Formulas:
/[uAv+Vu-VU] d:::=/ u@dS
Q an aV

‘ : Ov  Ou
/ﬂ[uAv —vAu] dz = /an [ua - 'UE] ds

(1) (25 points) (First order equations)

Let G(2) = —12%. Solve the conservation law G(u); + u, =0 for z € R,0 < y < 3,

given initial data
w(z, 0) = 0 forO<z <1,
/71 1 otherwise.

(A well-labeled sketch of the characteristics is a good way to present your solution.)

Then evaluate the jump condition for the shock slope z'(y) when y > 3. (You do not
need to solve for z(y).)

(2) (25 points) (Heat equation in unbounded domain) Consider the initial value problem
for the heat equation

U — Uz = 0, in R X (0, 00),
u(z,0) = up(z), on R x {t =0},
where ug is smooth with compact support.

(a) Use the Fourier transform to deduce the solution

1 —(z-p)?

u(z,t) =
valid for all £ > 0. )
Hint. To invert the Fourier transform, use the identity [, e®~%" d¢ = (%)%e‘%.

(b) Show that u(z,t) — up(z) — 0 in L2(R) as t | 0. Hint. The Fourier transform
preserves the L? norm.



(3) (25 points) (Heat equation in bounded domain)
Assume u(z,t) is smooth on Q2 x [0, 7] and solves:

u = Au, z€, t>0,
u(z,0) = g(z), z € Q,
u(z,t) =0, z€N, t>0,

where g € C(Q) satisfies g(z) < 0 for all z.
(a) Use a major theorem to explain why u(z,t) <Oforallz € Q,0 <t < T.

(b) Suppose in addition g has compact support in 2, and g(z) < 0 for some z € Q.
It can be shown u(z,t) <Oforallz € Q,0<t < T.

Use this fact to justify the claim that “the heat equation has infinite propagation
speed”.

(4) (25 points) (Wave equation)
Let 7 > 0 be constant, and assume u(z,t) is smooth on Q x [0,7]. Consider the
wave equation with friction,

Uy = Ay - YU,
with boundary condition u(z,t) = 0 when z € 8Q,t > 0.
(a) Show the energy E(t) = 1 [, (u? + | Vu|?) dz is dissipated, that is, E'(t) < 0.

Remark. If you cannot do this in n dimensions, then do it in one dimension on the
interval 2 = [a, b] (for half-credit).

(b) State a uniqueness result for the initial-and-boundary-value problem for this wave
equation with friction. Prove it using part (a).

(5) (25 points) (Poisson’s equation)
(a) Define what it means to say Au = f weakly in R3.
(b) For (z,y,2) € R3, write r = 1/z2 + 32 + 22 and define

( ) = 3—r? ifr<l, £ = -6 ifr<i,
CEBE =2 ir>1, BVE=0  ifr>1.

Show Au = f classically when r # 1.
Then show Au = f weakly in R3.



