Math 542 Comprehensive Examination
January 24, 2014

Solve all eight problems. All problems have the same weight. Justify all claims.

Let D denote the open unit disc {z € C: |z| < 1} in the complex plane and Rez, Imz
denote the real and respectively imaginary part of z € C.

1. Suppose that f(z) = D ;- ,cxz* is an analytic function in D. Prove that the series

>\ c
k
k!

k=0
converges in the whole plane and defines an analytic function F that satisfies

|F(z)] < Ce¥?l
in the whole complex plane, for some positive constant C.

2. Let F be the family of all analytic functions f in D such that f(D) € D and
f(1/2) = 0. Find
}gjfr Im £(0).
3. Find the number of roots of

A4 =22-92,-14

in the first quadrant {z =z +1y: z > 0,y > 0}.
4. Using the Residue Theorem, evaluate

* logz
dz.
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5. Let f be a function that is analytic in D and continuous in the closure D. Assume
also that |f(z)| =1 for all z with |z| = 1. Prove that f is a rational function.

6. Suppose that D is a domain in the complex plane and (fi) is a sequence of injective
analytic functions in D that converges to a non-constant function f uniformly on
compact subsets of D. Prove that f is injective.

7. Let 25 be an arbitrary point in D.
(i) Prove that

F={f:D—C: fis analytic in D, f(2) =1, Ref(z) >0 forall z € D}

is a normal family.
(ii) Let

H = {u: D — (0,00) : u is harmonic in D, u(z) = 1}.
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Show that Vw € D, 3M(w) € (0, 00) such that

Ou

o (w)

T

sup
u€H

< M(w).

8. Let (An)nen be a sequence in D such that A, # 0 for all n, and

> (1= 1l) < oo.

Construct an analytic function f in I with zeros located exactly at A,’s and with
multiplicity according to the number of times A, appears in the sequence.



