Math 542 Comprehensive Examination August 24, 2017

Students who are taking this exam as the Math 542 Graduate Com-
prehensive Exam should do all six problems.

Students taking this exam to satisfy the undergraduate complex anal-
ysis requirement should only do Problems 1, 2, 3 and 4. Each problem
is worth 10 points.

Justify all your answers. Good Luck!

1. Suppose f is analytic in the open unit disk D € C and f is conlinuous in the closed
unit disk D C C. Let f(2) = > 07 janz™ |2| < 1. If f has exactly m zeros in D
(counting multiplicities in D), prove that

nin [f(2)] < laol + faa] + ... + lam -

2. Let Cy. = {z € C: Imz > 0}. Suppose that f : Cy — C, is analytic and a € C,.
Prove that i
Im f (a)

Ima

|/ (a)] <

3. Suppose w = [ (z) is meromorphic in C and bounded in the annular domain |z] > R,
z € C for some R > (. Prove that [ is a rational function.

4. Use residues to evaluate the following integral:

/‘ > Inz da
o (z-+1%yx
Justify your answer completely.

5. Let f be analytic in a neighborhood of the closed unit disk D € C and f be injective
on the unit circle 0. Prove that f is injective in the open unit disk D C C.

6. Let D be the open unit diskin C, 0 <7 < land D, = {z € C: |2} < r}. Let (f,)°2, be
a sequence of analytic functions in D. Let f : D — C be (at least) Riemann integrable
over every closed disk D, 0 <7 < 1 (i.e., Re f and Im f are Riemann integrable over
D.). Suppose that the sequence ( fa)oe | converges to f in the Li-norm on D,, that is,

1= Al = [ s @)= 7 @)l dody = 025 s oo,
D-

for every 0 < 7 < 1. Is it true that the sequence (f,),-, converges uniformly to the
[unction f on every compact subset of D7 Justify your answer completely.



