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Comprehensive Examination Avugust 2007

Solve any four of the following five problems. Only four problems
will be graded. Clearly indicate which problem is not to be graded. Each
problem is worth 25 points. Show your work.

1.

Let f be an analytic function of the unit disk D = {z : |2| < 1} into
itself with f(0) = 0 and f'(0) = 0. Prove that for all z € D we have
|/(2)| < |2|2. Make sure that you justify all steps in your proof.

4}
Determine the number of zeros, counting multiplicities, of the polyno-
mial
f(2) = 21 — 2727 + iel?

in the unit disk D. Prove that your answer is correct.

. Let f be analytic in D, satisfying [f(2)] < 1/(1 = |2]) for all |2] < 1,

and let |a| < 1. Prove that for each integer n there is a constant C(n)
so that
C(n)

(n) —
T < T qapye
The constant C(n) may depend on n, but should not depend on f or a.

Evaluate the following integral by using the Cauchy residue theorem:
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Justify each step and all estimates used.

- Let f be the conformal mapping of {z€C : |z—1/ > 1} onto

{z€C:Imz> -2} such that f(3) = 0 and —if'(3) > 0. Here C
denotes the complex plane and € = CU{oo}. Find the numerical value
of f(—6). Simplify your answer as much as possible.
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