Math 540 Comprehensive Examination, May 2019

Solve five of the following six. Each problem is worth 20 points. The Lebesgue
measure is denoted by m. .

1. Let € > 0 and a, ¢ be relatively prime natural numbers. Define (a, g)-type set Eq/q by
Byo={z€R: o - < ).

Show that those points in R belonging to infinitely many (a,q)-type sets form a zero
Lebesgue measure set.

2. Let ¢, : [0,1] — R be a sequence of nondecreasing functions so that » -, ¢,(0) and
o 1 ¢n(1) are convergent series. Show that

1) The series f(z) =), ¢,(z) is a well-defined measurable function on [0, 1], and
ii) for ma.e.x € [0, 1], the series ) ¢ (z) converges to f'(z).

3. Prove that .

lim et qt = 0.
nN—0 0

4. Let 1 < p < co. Suppose that {f,} be a sequence of real valued measurable functions
on a measure space (X, B, u), which satisfies

Hf”+1 - fn“LP(X) S é'er

for all n € N. Prove that {f,} converges to a function, f € LP(X), p almost everywhere.
5. Let f1, fo, f3 € L3 (R, m). Prove that

/mxm | f1(21) foz2) f3(z1 + @2)|dzrdas < H 1/l -

J=1

6. Let (X, M, ) be a finite measure space. Given measurable f : X — C, let E; denote
its distribution function:

BN = a({z: /@) > A}), A>0.
Assume that f, : X — C is a sequence of measurable functions satisfying
1) fn - f pa.ce.,
ii) there exists a Lebesgue measurable function E : (0,00) — [0, 00) with [;° E(A)dm(}) <
oo such that Ey, (\) < E(X) for each n and A > 0.
Prove that f, — f in L%
Hint: It is crucial that p is a finite measure.



