Math 540 Comprehensive Examination
May 22, 2015

Solve five of the following six. Each problem is worth 20 points. The Lebesgue
measure is denoted by m. Calculators, books and notes are not allowed.

1. Suppose that f, : X — [0, oo is measurable for any n € N, fi>fa>f;>--->0and
limy, 0 fu(z) = fz) for every x € X,
For each statement, give a counterexample or a short proof/explanation.

i-i} lil]ln__ 5 ’\ .,-”;f}: = r\’ j';!'}.‘ ’
b) if f; € L'(x), then a) holds.

2. Let 1 < p < oo, f € LP((0, 00)) and define
1 xr
71w =7 [ fodm,

for z € (0,00). Here m is Lebesgue measure.
Prove Hardy’s inequality

p
IT$llp < L1l
and the equality holds if and only if f =0 a.e.

3. Suppose that p is a measure on X with n(X) < oo, f, € L*(1), and fn(z) = f(z) a.e.
There exists p > 1 and a constant C' such that

sup/ [flPdu < C.
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Prove that (f,) converges to f in L! (u).

4. Let (X, M, u) be a finite measure space. Fix p > 0, and suppose that a sequence E,, of
measurable subsets satisfies
> [1(E)] < oo

n
i) Prove that u(limsup E,) = 0 provided that p < 1,
ii) Give a counterexample to the statement in part i, when p> 1.

9. Prove or give a counterexample: If f € LY(R, m), then
esssup,;|f(z)]| < oo

for some open interval I.

6. Let f be a function on la, b] of total variation TP f < 0.

(i) Prove that / If'l < T°f.
]
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(ii) Prove that if f is absolutely continuous then equality holds in (i).



