Math 540 Comprehensive Examination
February 7, 2006

Answer any 5 out of 6. Indicate which 5 problems you want graded.
Al problems have equal value.

m denotes the Lebesgue measure on R.

I. Suppose f: [0,1] — R is an integrable funcltion. Prové that
lim f A= Gy = f £(8) dm(2).
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II. Suppose f € L1([0,1]). Prove that for every £ > 0 there is § > 0 such for
every measurable set E with mE < J we have [ |f| dm < e. Conclude that the
function ¥ defined by F{x) = f{ﬁ 2] f dm is absolutely continuous on 0, 1].

III. Decide whether each of the following statements is true or false and justify
your answer. _
(a) If f:]0,00) > R is continuous and :}«]«f& f{z) exists and is finite, then f is-
uniformly continuous on [0, 0o). '
{(b) Let f, :10,1] — [0, 00) be a sequence of integrable functions, If f, — f in
measure on [0, 1], then

fdm < liminf I dm.
fo.1] e I - -
{¢) I £:[0,1] — R is a function such that [f(z) — f(y)| < |Vr — /7l for all
z,y € [0,1], then f is absolutely continuous on [0,1)]. -

IV. Let f € L}*(R). Prove that |
Hm / f(z) sin{nz) dm(z). = 0.
R
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V. (a) Suppose f € LH{R)NL*®(R). Prove that f ¢ LP(R) forevery1 < p < 0.
(b) Is it true that L1(R) N L3(R) C L2(R)? Justify your answer.

VL In the Hilbert space H = £2(N) a sequence (f,) is sald to converge weakly
to fif lir{n(fmg) = (f,g) for all g € H.

(a) Prove that every infinite orthonormal set (u,}, in H converges weakly to
z7€ero.

{b} Prove that if f € H, || fll < 1, then there is a sequence (f,), in H, || o]l = 1,
such that f, — f weakly in H.



