Differential Geometry Comprehensive Exam, May 2007

1. a. Compute the exterior derivative of the 2-form
_ 1
¢= (72 + y2 + 22)3/2
b. Fact: [, ¢ = 4w where §? = {(z,y,2) |22+ 42 + 2% = 1} oriented
with the outward normal. Does this and the result of the computation
of part (a) contradict Stokes’ theorem? Explain.

(zdy A dz + ydz A dz + zdz A dy)

c. What is [;; ¢ where £ = {(z,y,2) | % + ”93 + & = 1} oriented with
outward normal?

2. a. Let f: Vi - W and g : Vo, — W be linear maps of finite

dimensional vector spaces. Prove that if f is onto then
(fM)e0)+0eg(Va))+Aw =Wao W

where Aw is the diagonal: Ay = {(w,w2) E WO W |w € W}.

b. Suppose f : Ny — M and g : N; — M are smooth maps between
manifolds. Prove that if f is a submersion then

Z ={(z,y) € N1 x Ny | f(z1) = g(x3)}
is a submanifold of N; x N,. Hint: part (a) is relevant.

3. Consider the flow ¢;(z,y, z) = (e*z, e*y, e~%2) on R3.
a. Find the vector field X that generates the flow.

b. Compute the Lie derivative Lx(dz A dy A dz).

¢. Find a 2-form o so that Lx(dz A dy A dz) = do.



