Comprehensive exam

Math 518, January, 2015

1. Consider the function F:R* — R? given by
F(z1,22,73,74) = (2% + 22,22 + 2).

(a) Prove that (1,1) is a regular value and hence X = F~1(1,1) is a submanifold of R*. What is its
dimension?

Let i: X — R* denote the inclusion and let
a = —x2dx) + 1 dxe — T4dz3 + T3 dxy.

(b) Prove that i*a is closed; that is, prove d(i*a) = 0.

(c) Prove that i*o is not exact; that is, prove that i*a # df for any smooth function f: X — R.
Hint: Consider X NV where V is the plane z3 = z4 = 0.

2. Suppose M is a smooth n-manifold oriented by a nowhere vanishing n-form w. The w-divergence of
a smooth vector field £ on M is defined to be the function div(£) such that

Le(w) = div(€)w.
where L¢(w) is the Lie derivative of w with respect to £.

(a) Prove that the equation above well-defines div(£) as a smooth function.

(b) Prove that on R3? with volume form w = dz A dy A dz, the w—divergence of a smooth vector field
£E= Pa% +Qa% +R§; is given by

. oP 9 OR
div(§) = B + % + o

Emergency backup: If you cannot prove this for an arbitrary vector field, prove it for the vector
field generated by the flow

we(z,y, 2) = (cos(t)z + sin(t)y, — sin(t)z + cos(t)y, e'z).
3. Let S% be the sphere of radius R centered at the origin in R3. Let i: % — R? be inclusion and set

B=xzdyANdz—ydz Adz +sin(z)dz A dy.

Choose an orientation, and evaluate / i*B.
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