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Problem 1. {25 points) Suppose A is a commutative ring with 1.
Suppose T is a subset of A that satisfies the properties: i) 0 ¢ 7', #)
1eT, and ¢f) I 5, € T, then their product st € T
Prove that an ideal M of A maximal with respect to the property that
MNT =B is a prime ideal.
Problem 2. (25 points) Let k be a field. Suppose G, H are groups
and let k|G|, k[H] be the group algebras over k. Prove that there is an
isomorphism

kiG x H] = K[G] @ k[H].
Problem 3. Let A be a finite Abelian group.
. {10 points) Show that the rational group algebra Q[A] is a product of
fields.
. {15 points) In case A = Z/2Z and A = Z/3Z identify the fields that
occur in Q4]
Probiem 4. Let A now be a commutative ring with 1 and M an A-
module.
. {5 points} Define what it means to say that M is a cyclic module, a
simple module, a semisimple module, a projective module, an injective
module.
. {10 points} In case 4 = Z and M = Z/47Z explain whether or not M
is a eyclic module, a simple module, & semisimple module, a projective
module, an injective module,
. {10 points) In case A = Z and M = Q explain whether or not M is
a cyclic module, a simple module, & semisimple module, a projective
module, an injective module.





