LOGIC COMPREHENSIVE EXAM (MATH 570)
MAY 2007

There are 5 problems. Each problem is worth 20 points, for a total of 100 points.
To receive credit, each of your solutions must be justified.

Convention. In the exercisesl. will be a language ané is considered a logical
symbol. Any model-theoretic structure is by convention non-empty.

Also, ‘total recursive functions’ are partial recursive functions that happen to be
defined everywhere. Another standard terminology for recursive is ‘computable’.

1. EXERCISE

Suppose thaF is an equivalence relation dawhich is recursively enumerable
as a subset dfi?, i.e., for some total recursive functiorfsg: N — N we have

nEm <= 3k (f(k) =n & g(k) =m).

Assume moreover thdt has only finitely many classes. Show tliais recursive
as a subset df?.

2. EXERCISE

Let L be the language whose non-logical symbols are: a constant symaol
unary function symbol, a binary predicate symbat, and two binary function
symbols+ and-. Let X be a set of sentences insuch that proves any universal
sentence it that is true in the standard model of arithméfic 0, S, <, +, -), with
the usual interpretation of the non-logical symbold.of

(a) Let A be a subset di* wherek > 1 is an integer. Define what it means for
A to be representable .

(b) SupposeB C N is representable it andA = {n? : n € B}. Show that4
is representable k.

3. EXERCISE

Supposel’ is a theory in a countable language and that all models of car-
dinality X; are pairwise elementarily equivalent. Show that, for all infinite models
AandB of T, A andB are elementarily equivalent.
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4. EXERCISE

Suppose. is a set ofL-sentences with the following properties:
(a) for anyo, T € %, eitherc — 7 or 7 — o is logically valid,;

(b) for eachs € ¥, o has a model.

Show that: has a model.

5. EXERCISE

Supposel is a language and@ a consistent.-theory with only finitely many
logically inequivalent complete extensiohs D T'.

Show that there are sentences ..., o, such that every complete extension
T' O T is equivalent to one of U {o; }.



