LOGIC COMPREHENSIVE EXAM (MATH 570),
FEBRUARY 4, 2006

There are 5 problems. Each problem is worth 20 points, for a total of 100 points.
To receive credit, each of your solutions must be justified.

1. PROBLEM

Let L be a language. For every formubéz, y1, ..., y,) in the languagd., we
denote byAlz ¢ the formula

Jz (p(z, Y1y yn) A V2 (0(2,91, -, Yn) — T = 2)).

Let now é(z,y) be anL-formula with free variables among,y. Write an L-
sentencer that is true in anL-structureM if and only if there is a unique pair
(a, b) of elements ofM such thatM |= 0[a, b].

Which of the following formulas

o, zIy(z,y), NyIzo(x,y)

are equivalent? Give either a proof or a counter example.

2. PROBLEM

(i) Let R C N be infinite. AssumeR is the range of a total computable
function fromN to N. Show that there exists a total computable function
f : N — Nwhich is injective and whose range/is

(i) Let S C N be the range of a total computable functipn N — N such
that f(n) < f(n+ 1) for all n € N. Show thatS is computable.

3. PROBLEM

Let T be a theory in a language and let®, ¥ be two sets of_-formulas with
free variables among;, . . ., z,,. Suppose that for any modaH of T' and for any
elementsiy, . . ., a, of M we have

M E ¢lay,...,a,] for all formulas¢ € @ if and only if M =
Ylay, ..., ay] for some formula) € .

Show that there exist finite subsdts C ® andW¥; C ¥ such that

T =V -V, (/\<I>0<—>\/\Ifo).
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4. PROBLEM

Let L be a language consisting of one binary function symb&onsider the
L-structure\” = (N, V) whereV : N x N — N is the usual multiplication. Show
that the se{2, 3} is not definable in this structure.

5. PROBLEM

Let L be a language containing the constant syntbahd the unary function
symbolS. Let Y. be a set ofL-sentences.

(i) Define what it means for a functiof : N* — N to be representable .
(i) Assume that the usual addition : N x N — N is representable iix.
Let F1, F5 : N — N be two functions representable ih Show that the
function F; + F5> : N — N given by
(F1 + F2)(n) = Fi(n) + F2(n)

is representable ik.



