LOGIC COMPREHENSIVE EXAM (MATH 570),
JANUARY 23, 2008

There are 5 problems. Each problem is worth 20 points, for a total of 100 points.
To receive credit, each of your solutions must be justified.

Convention. In the exercisesl. will be a language ané: is considered a logical
symbol. Any model-theoretic structure is by convention non-empty.
Another word for ‘recursive’ is ‘computable’.

1. EXERCISE

Let L be the language consisting of a single binary relation synitbhahd let
Y. be a set ofl.-sentences stating that is an equivalence relation with infinitely
many classes and all of whose equivalence classes are infinite.

(a) For which infinite cardinal numbersare all models o¥ of cardinalityx
isomorphic?

(b) IsX complete?

(c) Is Th(X) decidable?

2. EXERCISE

Let L be the languag€0, 1,+,-, <} and let\ be the standard model with
underlying selN and the usual interpretations of the symbols.

(a) Show that there is ab-structureM = (M; 0M, 1M M M M) that
is elementarily equivalent t& and has an infinite prime, where anfinite
primeof M is an elemenp € M such that

MES"O<p
foralln € N, and

MEVzVy (x#p AN y#p—x-y#Dp).
(b) CanM be taken to be countable? Of cardinatity?
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3. EXERCISE

Let L be the languagé<, U}, where< is a binary relation symbol and a
unary relation symbol. Indicate drsentencer such that for all setX C R,

(R, <, X) | 0 < X isinfinite.
4. EXERCISE

Let L be a language with only finitely many non-logical symbols.

(a) Show that for every.-sentencer and every natural numbeé¥, there is an
L-sentence such that- ¢ < 7 and such that the @lel number ofr is
greater thanv.

(b) Suppose thaf: N — N is a strictly increasing recursive function, i.e.,
m < n = f(m) < f(n). Show thafmf is a recursive subset .

(c) LetT be anL-theory with a recursively enumerable axiomatization. Show
thatT has a recursive axiomatization.

5. EXERCISE

Let L be a language for number theory whose non-logical symbols include a
binary relation symbok, a unary function symbd and a constant symbol Let
> be a set ofL-sentences.
(a) Define what it means for a sBtC N? to berepresentablén X.
(b) Suppose that the following sentences are provable Eom

Vo =(z < 0),
Vo (z < S0« \/ z=5),
0<i<n
wheren = 1,2,.... Suppose also that the binary relatiéh C N? is

representable ik, and let
U={aeN|3<a(ab)c R}

Show thatU is representable idi. You should give an explicit formula
representindg/ involving one that represenf? and verify that it works.



