LOGIC COMPREHENSIVE EXAM (MATH 570),
JANUARY 2007

There are 5 problems. Each problem is worth 20 points, for a total of 100 points.
To receive credit, each of your solutions must be justified.

Convention. In the exercise€ will be a language ané: is considered a logical
symbol. Any model-theoretic structure is by convention non-empty.

Also, ‘total recursive functions’ are partial recursive functions that happen to be
defined everywhere. Another standard terminology for recursive is ‘computable’.

1. EXERCISE

Prove that there exists a functigh: N — N\ {0} such that for any total
recursive functiory : N — N we have

im Y _
n=o f(n)
2. EXERCISE

Let £ be the language consisting of one binary relation syrebol

(i) Find two L-structuresM and " and anZ-sentence such that

(a) <M and<* are strict linear orders and
(b) M is a substructure ot and
() ME candN E —o.

(i) Consider theC-structureR = (R, <) consisting of the reals with the usual
strict linear order relation. Le@ = (Q, <29) be the substructure d® whose
underlying set consists of all the rational numbers. Show that foasgntence

OQFco iff REo.
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3. EXERCISE

Suppose thak is a strict linear order N which is recursively enumerable, i.e.,
for some total recursive functions vy : N — N we have

n<m <= 3k (¢(k) =n & (k) =m).

Show that the set = {(n,m) € N x N | n < m} is recursive.

4. EXERCISE

Let £ = {-,~!, 1} be the language of groups consisting of a binary function
symbol, a unary function symbol, and a constant symbol. Show that there exists no
L-formula¢(z, y) such that for every grou@ andg, h € G,

G = ¢(g,h) <= g andh have the same order (.

(Recall that the order of an elemegnof a groupG is the smallest € N, n > 1,
with ¢ = 1, if such ann exists, ando otherwise.)

5. EXERCISE

Let X be a finite consistent set of sentences in a languyagéth only finitely
many non-logical symbols, including a constant symbalnd a unary function
symbolS.

(i) Define what it means for a relatiaR C N* to berepresentablén .

(i) Show that each representable $&C N is recursive. It suffices to describe
an algorithm for determining whether or not a giver N belongs taR.



