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Abstract

Variable annuity is a retirement planning product that allows policyholders to invest their
premiums in equity funds. In addition to the participation in equity investments, the majority
of variable annuity products in today’s market offer various types of investment guarantees,
protecting policyholders from the downside risk of their investments. One of the most popular
investment guarantees is known as the guaranteed lifetime withdrawal benefit (GLWB). In
current market practice, the development of hedging portfolios for such a product relies heavily
on Monte Carlo simulations, as there were no known closed-form formulas available in the
existing actuarial literature. In this paper, we show that such analytical solutions can in fact
be determined for the risk-neutral valuation and delta-hedging of the plain-vanilla GLWB. As
we demonstrate by numerical examples, this approach drastically reduces run time as compared
to Monte Carlo simulations. The paper also presents a novel technique of fitting exponential
sums to a mortality density function, which is numerically more efficient and accurate than the
existing methods in the literature.

Key Words. Variable annuity guaranteed benefit, guaranteed lifetime withdrawal benefit,
risk-neutral valuation, delta-hedging, fitting probability density function, exponential sums.

1 Introduction

Variable annuities(VAs) are life insurance contracts that offer policyholders participation in equity
investments. They provide life contingent benefits like traditional life insurance or annuities, while
allowing policyholders to reap benefits of financial returns on their premiums. Variable annuities
were introduced in the United States in 1950s with the earliest products made available by the
Teachers Insurance and Annuity Association of America (TIAA) - College Retirement Equities
Fund (CREF). They were created to provide incomes with investment returns to retired professors.
Nowadays variable annuities have become popular products available through direct purchase or
through tax-sheltered retirement savings plans such as IRAs, 401(k)s, 403(b)s, etc. Various forms
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of variable annuities are also sold in many other markets, such as in Japan (c.f. Zhang (2006)) and
in Europe (c.f. O’Malley (2007)). According to Life Insurance and Market Research Association
(LIMRA)’s annuity sales survey LIMRA (2016), sales of variable annuities amounted to $133 bil-
lions in 2015 in the US. According to the joint study by the Society of Actuaries and LIMRA (c.f.
Drinkwater et al. (2014)), the GLWB is the most popular type, accounting for three quarters of
the sales, of all guaranteed living benefits, which include the GLWB, guaranteed minimum with-
drawal benefit (GMWB), guaranteed minimum income benefit (GMIB) and guaranteed minimum
accumulation benefit (GMAB).

Let us briefly describe the design of a plain vanilla GLWB. As with any VA base contract,
policyholders are offered a variety of equity funds to invest consisting of different combinations
of equities and bonds. Upon selection, future financial returns on the policyholders’ investment
accounts are linked to equity funds of their choices. The GLWB is a rider that policyholders can
add to their base contracts. In essence, the GLWB rider guarantees policyholders’ incomes for
lifetime without having to annuitize (convert to an immediate annuity). It allows policyholders to
take withdrawals at no additional cost up to a maximum amount per year for lifetime, even if their
investment accounts are depleted. In addition, at the time of a policyholder’s death, the remaining
balance in the account, if any, will be returned to the policyholder’s beneficiary. Any withdrawal
amount beyond the maximum amount is also allowed but subject to a penalty. To compensate for the
insurer’s expenses and cost of guarantees, charges are made as a fixed percentage of policyholders’
investment and deducted from their accounts, typically on a daily basis.

Although withdrawal activities can vary due to policyholders’ behaviors, SOA and LIMRA’s
2015 experience study (c.f. (Drinkwater et al., 2015, p.20)) shows that “the majority of owners
take withdrawals through systematic withdrawal plans (SWPs) ... When owners use SWPs, they
are likely to make withdrawals within the maximum amount allowed in their contracts.” This phe-
nomenon has been observed consistently for many years by SOA and LIMRA’s annual experience
studies. The 2015 experience study shows that “79% of owners who took withdrawals in 2013 with-
drew income that was below or close to the maximum amount calculated – up to 110%” and roughly
55% of policyholders who took withdrawals withdrew income between 90% and 110% of the max-
imum amount. (Drinkwater et al., 2015, p.24) also reports that “owners rarely add premium after
the second year of owning a GLWB". Therefore, in this paper, we make simplifying assumptions
which are satisfied in the majority of cases in practice. (1) The policyholder under consideration
starts taking withdrawals immediately at the time of valuation, although the results in this paper
can be easily extended to address the accumulation of investment account in a waiting period until
the first withdrawal. (2) The policyholder takes withdrawals at the penalty-free maximum amount
every year. (3) There is only an initial purchase payment (premium) at the start of the contract
and no additional deposits are considered.

Consider a numerical example for the illustration of GLWB benefits. Suppose identical variable
annuity contracts with the same GLWB rider are sold to two policyholders both of age 65 at policy
issue. Each of them makes an initial purchase payment of $100 and their accounts are linked to
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the same equity index. They take withdrawals at the maximum amount, which is 7% of the initial
purchase payment per year. Note that the two contracts may end at different points of time due to
the uncertainty with each policyholder’s time of death. Suppose that the equity fund performs well
at first, resulting that both policyholders’ investment accounts accumulate to $110 at the end of
the second year. Policyholder A dies at the end of the second year, denoted by TA65 = 2 in Figure 1.
He and his beneficiary would have received a total of $124 by then, including the withdrawals from
the first two years $7× 2 = $14 and the remaining balance at the time of death $110. In this case,
the insurer collects rider charges and other fees for two years but makes no liability payment as
policyholder A’s account remains positive throughout his lifetime. Suppose that the market takes a
sharp down turn afterwards, which causes the surviving policyholder B’s account value to deplete in
the ninth year. Even though the investment account has no money left, policyholder B continues to
receive the guaranteed withdrawals of $7 per year. Policyholder B dies at the end of the twentieth
year, TB65 = 20, so policyholder B and her beneficiary would have been paid $7× 20 = $140 in total.
Note, however, in this case, not all 20 installments of withdrawals would be considered as GLWB
benefit, since $7 × 8 = $56 is taken out of policyholder B’s own investment account. After the
account balance hits zero in the ninth year, the rest $7× 12 = $84 is the actual out-of-pocket cost
of the GLWB liability for the insurer.

Figure 1: Sample paths of a policyholder’s investment account over time

Although the modeling and valuation of guaranteed withdrawal benefits started in the insurance
industry since their introduction to the market in 2004, Milevsky and Salisbury (2006) was among
the first to lay out the theoretical framework in the actuarial literature. The authors introduced
a continuous time model to price a GMWB from the policyholder’s perspective and used numer-
ical partial differential equation (PDE) methods for solutions. Their work was extended to more
sophisticated setting by many authors, including Chen and Forsyth (2008), Peng et al. (2012), Dai
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et al. (2008), Bacinello et al. (2016), etc. A recent work by Feng and Volkmer (2016b) provided
an analytical solution to the risk-neutral valuation of the GMWB from both the perspective of a
policyholder and that of an insurer. As the GLWB can be viewed as an extension of the GMWB,
many researchers employed PDE and Monte Carlo simulation techniques to value and analyze the
GLWB, such as Piscopo and Haberman (2011), Fung et al. (2014), Huang et al. (2014), etc. This
work extends the analytical method developed in Feng and Volkmer (2016b) to a plain vanilla
GLWB in the same framework as in Fung et al. (2014). One might question whether it is worth-
while looking for analytical solutions while numerical PDEs and simulation methods are available
to handle much more complex designs. Here are a number of reasons why analytical solutions, if
available, are always preferred.

1. Analytical solutions provide benchmarks against which the accuracy of PDE and simulation
algorithms can be tested. This is often an overlooked step in industrial practice. Practitioners
often check if their Monte Carlo estimates reach a certain degree of accuracy by increasing
their sample sizes, thereby checking the consistency of results. However, such convergence tests
only work if the statistics are unbiased or consistent estimators. Simulation methods cannot
easily detect inherent biases that may exist due to various combinations of approximation
techniques.

2. Analytical solutions can be used to obtain cost effective approximations of Greeks. Risk
neutral valuation is often required for determining sensitivity measures for hedging. As the
Greeks are often approximated by difference quotients, modest sampling errors in risk neutral
valuations can lead to large relative errors in the estimation of Greeks. Such an example can
be seen in Table 8 of Section 3.2. In the financial industry, the use of the so-called “volatility
smile” in Black-Scholes formulas for pricing and hedging has been widely known as “the wrong
number in the wrong formula to get the right price”. In other words, a common practice is
often to find a comprise between the complexity of the underlying model and the efficiency of
results to be delivered. In the same spirit, even though analytical solutions may be used on
idealistic assumptions, they provide highly efficient and low cost approximations for otherwise
difficult but precise solutions.

The paper also dedicates a significant portion to new techniques for fitting sums of exponentials
to probability density functions. For comparison, we provide a self-contained review of various
statistical and analytical methods for approximating mortality density functions by exponential
sums, some of which are introduced for the first time to the actuarial literature. The approximation
based on Hankel matrix appears much more efficient at the same level of accuracy than known
methods in actuarial literature such as orthogonal polynomials. Hence we shall only apply the
former in numerical examples in Section 3. To avoid any digression from the main theme of pricing
and hedging of the GLWB rider, we relegate the results on fitting exponential sums to the Appendix.
Nevertheless, it should be pointed out that Appendix B could be of interest on its own and have
boarder actuarial and financial applications than pricing and hedging in this paper.
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The rest of the paper is organized as follows. In Section 2, the risk-neutral valuation model
for the GLWB rider is introduced from both a policyholder’s and an insurer’s perspectives. We
provide analytical solutions to both risk-neutral values of the GLWB liabilities and the corresponding
deltas. We develop in Section 3 a number of numerical examples to compare the proposed analytical
methods with traditional Monte Carlo methods.

2 Models

2.1 Equity-linking mechanism

Suppose that a policyholder’s investment is linked to a single equity index, which is driven by a
geometric Brownian motion and determined under the risk-neutral measure Q by

dSt = rSt dt+ σSt dWt, S0 > 0,

where r is the annual risk-free continuously compounded interest rate and {Wt, t ≥ 0} is a standard
Brownian motion. Let G be the guarantee base and w be the annual maximum withdrawal rate
without penalty. This rate is often represented as a fixed percentage γ of the guarantee base, i.e.
w = γG. We use {Ft, t ≥ 0} to denote the evolution of the policyholder’s investment account, where
F0 is given by the initial purchase payment. It is common that the guarantee base G is set equal to
F0. The expenses and fees are taken out of the account on a daily basis as a fixed percentage m per
annum of the account value. It should be pointed out that only a portion of the rate of total fees
m per annum per dollar of account value will be used to cover the cost of the GLWB rider, denoted
by mw(mw < m) per annum per dollar of account value. Thus the instantaneous change at any
instance t > 0 in the policyholder’s account is determined by the instantaneous change due to the
fluctuation of equity index Ft dSt/St minus the sum of the instantaneous fee payment mFt dt and
the instantaneous withdrawal w dt, i.e.

dFt =Ft
dSt
St
− (mFt + w) dt

= [(r −m)Ft − w] dt+ σFt dWt.

The account value process is known as a geometric Brownian motion with affine drift. More appli-
cations of this process can be seen in Feng and Volkmer (2014, 2016a,b).

2.2 Survival Model

Suppose that the policyholder is of age x at policy issue. It is commonly assumed that the policy-
holder’s future lifetime Tx is independent of the evolution of account values, which is determined
by the equity-linking mechanism. Here we use the model of Gompertz-Makeham law of mortality,
which assumes that the death rate µx is the sum of a constant A to account for death due to
accidents and a component Bcx to account for aging.

µx = A+Bcx, A > 0, B > 0, c > 1.
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For brevity, we shall use function q to denote the probability density function of Tx. It is known
that the probability density function q is given by

q(t) = (A+Bcx+t) exp

{
−At− Bcx(ct − 1)

ln c

}
, t ≥ 0.(2.1)

We shall denote the Laplace transform of mortality density function by

Ψ(s) =

∫ ∞
0

e−stq(t) dt.

After some tedious calculation, it can be shown that

Ψ(s) =
B(A+s)/ ln c exp

{
B
ln cc

x + (A+ s)x
}

(ln c)(A+s)/ ln c

[
A

ln c
Γ

(
−A+ s

ln c
,
Bcx

ln c

)
+ Γ

(
−A+ s

ln c
+ 1,

Bcx

ln c

)]
,

(2.2)

where Γ is the (upper) incomplete Gamma function. More details about explicit calculations with
Gompertz’ law of mortality can be found in Willemse and Koppelaar (2000).

As it shall become clear later, we do not necessarily need a parametric distribution for the
survival model. Instead we approximate either a parametric or an empirical mortality density
function by a linear combination of complex-valued exponentials. Even though the Gompertz-
Makeham law is the choice of example, the approximation methods in this paper can be applied to
all general survival models including select and ultimate life tables.

2.3 Risk-neutral pricing from the policyholder’s perspective

The policyholder of the GLWB rider and his/her beneficiaries are entitled to two types of payments
throughout the term of the variable annuity contract.

1. The living benefits of guaranteed withdrawals. A policyholder under an SWP would take
withdrawals up to the time of death, regardless of whether his/her investment account is
depleted. We denote V1 as the accumulated present value of all withdrawals at the rate w per
year. Recall that w is typically a fixed percentage γ of the guarantee base.

V1 =

∫ Tx

0
we−rs ds(2.3)

2. The return of remaining account value at the time of policyholder’s death to beneficiaries if
there is any positive balance. We denoted its present value by V2.

V2 = e−rTxFTxI(FTx > 0),(2.4)

where I(A) is the indicator function which is equal to 1 if the event A is true and 0 otherwise.
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It is clear that under the risk neutral measure the total worth of the variable annuity contract
with the GLWB rider would be the risk neutral values of living benefits and death payments,

Living Benefits (LB) = EQ(V1) Premium Refund (PR) = EQ(V2).(2.5)

Note that the rate of total fees m is implicitly used in the expression of PR. According to the
no-arbitrage theory, the fair rate m should be determined by the pricing equation,

G = LB + PR .(2.6)

The left-hand side is the policyholder’s initial purchase payment, while the right-hand side is the
risk-neutral value of the VA contract with the GLWB rider at the time of purchase. The equation
indicates that, if the fee rate m is determined at a fair level to avoid any arbitrage, a risk-neutral
policyholder would be indifferent to invest G in any other financial instruments or in a variable
annuity with a GLWB rider.

The computation of the LB is straightforward, as

LB =
w

r

(
1− EQ[e−rTx ]

)
=
w(1−Ψ(r))

r
,

where the function Ψ is given in (2.2). It requires some efforts to develop an efficient computational
algorithm for the PR. Note that the PR can be rewritten as follows

PR =

∫ ∞
0

EQ
[
e−rtFtI(Ft > 0)

]
q(t) dt,

where the integrand is in fact the corresponding element from the GMWB rider, for which a semi-
analytical solution is already obtained in Proposition 3.1 of Feng and Volkmer (2016b). One might
attempt to directly apply numerical integration to the expression above, which is a double integral
representation for the PR. However, in this paper, we present a more efficient method of valuation
for the GLWB rider, which requires no numerical integral at all.

Assumption: The mortality probability density function can be represented by an absolutely
convergent series

q(t) =

∞∑
i=1

aie
−sit, <(si) ≥ 0.(2.7)

Proposition 2.1. Under the assumption (2.7),

PR =
4w

σ2

[(
y +

f̃(2(ν + 1))− 1

2(ν + 1)

)
Ψ

(
r − σ2(ν + 1)

2

)
+

1

2(ν + 1)
Ψ(r)

]

− 16w

2(ν + 1)σ4

∞∑
i=1

ai

[
f̃(θi)

θi
+
f̃(2(ν + 1))− f̃(θi)

θi − 2(ν + 1)

]
,(2.8)
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where the function Ψ is given in (2.2),

y =
σ2F0

4w
, θi =

4(r + si)

σ2
, ν =

2(r −m)− σ2

σ2
, λ(s) =

√
ν2 + 2s,(2.9)

and

f̃(s) = (2y)(1−ν)/2 exp

{
− 1

4y

}
Γ(λ(s)−ν2 + 1)

Γ(λ(s) + 1)
M ν−1

2
,
λ(s)
2

(
1

2y

)
,(2.10)

with Γ being the Gamma function and M being the Whittaker function of the first kind.

2.4 Risk-neutral pricing from the insurer’s perspective

While the policyholder receives a guaranteed stream of withdrawals throughout his/her lifetime,
not all withdrawals are necessarily the liabilities of the insurer. Keep in mind that withdrawals are
taken from the policyholder’s investment account when the balance is positive. The true GLWB
benefit only kicks in when the investment account is exhausted prior to the policyholder’s death.
Thus the present value of the insurer’s liability is represented by

V3 :=

∫ Tx

τ0∧Tx
we−ru du,(2.11)

where τ0 := inf{t : Ft = 0} is the time of ruin in the policyholder’s account and x ∧ y = min{x, y}.
The GLWB rider is compensated by the collection of rider charges mw per annum per dollar of

account value from the policy issue to the earlier of the time of ruin and the policyholder’s time of
death. Therefore, the present value of the insurer’s fee income is represented by

V4 :=

∫ τ0∧Tx

0
e−rumw Fu du.(2.12)

Suppose that both cash flows on the liability side and on the income side are tradable assets, then
their risk-neutral values are given by

Fee Incomes (FI) = EQ[V3], Benefit Outgos (BO) = EQ[V4].(2.13)

One should note that in general the GLWB rider charge rate mw is smaller than the rate of total
fees m to allow for other expenses. From the insurer’s perspective, the absence of an arbitrage leads
to the equivalence of the risk-neutral values of the insurer’s benefit outgoes and its fee incomes, i.e.
we can find m and mw such that

BO = FI ,(2.14)

It was pointed out in Feng and Volkmer (2016b) that the concept of “friction cost” m − mw is
introduced in the model from the insurer’s perspective, but not in the model from the policyholder’s
perspective. Unless m = mw which eliminates the friction cost, the fair price from an insurer’s
perspective would not be the same as that from a policyholder’s perspective.
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Proposition 2.2. Under the assumption (2.7),

FI =

∞∑
i=1

aiw

si(r + si)
f̃(θi),

BO =
16wmw

σ4

∞∑
i=1

ai
siθi(θi − 2ν − 2)

[
f̃ (θi) + θiy − 1

]
,

where θi, y, λ are defined in (2.9) and f̃ is defined in (2.10).

2.5 Hedging of the GLWB liability

Since the embedded option of the GLWB liability cannot be hedged by short-dated options available
in exchanges, variable annuity writers typically have to develop their own dynamic hedging pro-
grams. Since no closed-form solutions to the Greeks of the GLWB liability were previously known
in the literature, the current market practice is to run Monte Carlo simulations to estimate the
sensitivity of the GLWB portfolio with respect to various risk factors, such as equity price, equity
volatility, short term interest rate, etc. In this paper, we can take advantage of the analytical solu-
tions to the risk-neutral prices in Section 2.4 to develop analytical formulas for the Greeks of the
insurer’s liability and income. To avoid too many subscripts, we shall consider the Delta at time 0

as an illustrative example. The Delta at any general time t and other Greeks can be obtained in a
similar manner.

Here we define the Delta of the premium refund to be the derivative of the risk neutral value
of premium refund with respect to the initial premium, denoted by ∆PR. In other words, the
sensitivity of the premium refund with changes in equity index at time 0 is given by

F0

S0
∆PR.

Corollary 2.1. Under the assumption (2.7), the Delta at time 0 of the policyholder’s balance upon
death is given by

∆PR =

(
1 +

p(2(ν + 1))

2(ν + 1)

)
Ψ

(
r − σ2(ν + 1)

2

)
− 4

2(ν + 1)σ2

∞∑
i=1

ai

[
p(θi)

θi
+
p(2(ν + 1))− p(θi)
θi − 2(ν + 1)

]
,

where y, θi, ν, λ(s) are given by (2.9) and

p(s) = −(2y)−(1+ν)/2 exp

{
− 1

4y

}
(ν + λ(s))Γ(λ(s)−ν2 + 1)

Γ(λ(s) + 1)
M ν+1

2
,
λ(s)
2

(
1

2y

)
.(2.15)

Similarly, we define the Deltas of insurer’s fee incomes and benefit outgoes as their derivatives
with respect to the initial premium respectively, denoted by ∆FI and ∆BO .

Corollary 2.2. Under the assumption (2.7), the Deltas of the insurer’s liability and that of the
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insurer’s income are given respectively by

∆FI =
σ2

4w

∞∑
i=1

aiwsi
r + si

p(θi),

∆BO =
4mw

σ2

∞∑
i=1

ai
siθi(θi − 2ν − 2)

[p (θi) + θi] ,

where θi, y, λ are defined in (2.9) and p is defined in (2.15).

The key element of analytical solutions to all components of pricing and hedging the GLWB is the
series representation of mortality probability density in the assumption (2.7). As this representation
is guaranteed in the theory of Hilbert space for any function q in the separable Hilbert space L2(0,∞)

(c.f. (Debnath and Mikusiński, 1999, Chapter 3)), a natural way of construction would start with
some transformation of a complete orthonormal system, such as Laguerre polynomials. For example,
Dufresne (2007a) used a complete orthonormal system for L2(−1, 1), namely the Jacobi polynomials,
to construct a series of exponentials. However, keep in mind that we can only use the series up
to finitely many terms for numerical purposes. The series developed from orthonormal sequences
may not necessarily be numerically efficient. In Appendix B, we shall compare several methods of
fitting exponential sums to a probability density, in order to determine a minimal set of exponential
functions in the finite-term approximation of (2.7).

3 Examples

We implement the numerical method presented in this paper to determine risk-neutral values of
a variable annuity contract with a GLWB rider. Keep in mind that there is a variety of product
designs for the GLWB rider and the plain vanilla type under consideration in this paper was studied
extensively in Fung et al. (2014), although via a different approach, namely, Monte Carlo method.

The assumptions for risk neutral valuation are summarized as follows:

• The product is sold to a cohort of 65-year-old males, whose survival model is given by
Gompertz-Makeham law of mortality (2.1) with parameters A = 0.0007, B = 0.00005, and
c = 101/25.

• A typical policyholder’s initial purchase payment F0 = 1 and the guaranteed level G = 1.

• Regardless of the performance of the equity index/fund, the policyholder takes withdrawals
at the rate w = 7% of the guaranteed level per annum until death.

• Upon death, any remaining balance of the policyholder’s account will be refunded to his/her
designated beneficiary.

• The equity index is driven by a geometric Brownian motion with volatility σ = 0.3 per annum.

• The risk free rate of return is r = 0.05 per annum.
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All computations for this paper are performed on a personal computer with Intel Core i7-4700MQ
CPU at 2.40GHz and an RAM of 8.00 GB.

3.1 Accuracy and efficiency test

In this section, we test the accuracy and efficiency of two distinct computational methods for pricing
and determining Greeks. The most straightforward and widely accepted approach in the insurance
industry is Monte Carlo (MC) simulation. An alternative approach presented in this paper is the
development of analytical approximation (AA). We shall briefly describe computational components
for each method.

(MC) Risk neutral values of outgoing and incoming cash flows from a policyholder’s perspective
and those from an insurer’s perspective are determined by discretized versions of (2.3), (2.4), (2.11),
and (2.12) respectively. For example, we first project 1 thousand, 100 thousand or 10 million sample
paths of the underlying equity index. Under each sample path, present values of GLWB payments
and fee incomes are accumulated on a weekly basis. Then the risk neutral values in (2.5) and
(2.13) are estimated by arithmetic averages of present values from all scenarios. Then we repeat
the whole procedure 20 times to obtain the sample mean and standard deviation of the estimates
for risk-neutral values.

(AA) This approach employs explicit formulas in Propositions 2.1 and 2.2, which are represented
in terms of special functions readily available on most computational software platforms. The
mortality density function can be approximated by an exponential sum using various techniques
discussed in Appendix B, where numerical examples are provided for each method. Among all
three methods, the Hankel matrix method provides the best approximation result. We present the
numerical results in this section based on the approximation of the mortality density function with
10-term and 30-term exponential sums by the Hankel matrix method.

In this first example, we assume that there is no friction cost, i.e. all fee incomes are used in
entirety to fund the GLWB rider. By setting the rate of total fees m = mw = 0.0224, we intend
to test the accuracy of the AA method. When reporting the time consumption of the analytical
approximation, we do not include the time of approximating the density function, which is treated
as a priori information in this example. It takes 9.87 seconds to determine a 10-term exponential
sum and 25.30 seconds to find the 30-term one. It is clear from Tables 1 – 4 that Monte Carlo
simulations with small samples are generally less accurate, while simulations with large samples can
be quite time consuming. Nonetheless, the results from Monte Carlo simulations do converge to
those from analytical approximations up to at least three decimal places. Keep in mind that the
pricing equations (2.6) and (2.14) are all implicit equations of m and mw. Since it requires a root
search algorithm to find the fair rate m, risk-neutral valuations for all four quantities have to be
carried out repeatedly. Unless one has powerful computing facilities to run simulations, it is nearly
impractical to use MC with a sample of 100k even for the pricing exercise. Thus it is important for
us to develop a more efficient approach such as analytical approximations.
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Living Benefits (LB) AA (10-term) AA (30-term) MC (1k) MC (100k) MC (10m)
Mean 0.69984 0.69984 0.69972 0.70035 0.70060

Standard deviation - - 0.00837 0.00072 0.00010
Time (secs) <0.01 <0.01 2.58 269.17 33,841.28

Table 1: Comparison of results for living benefits

Premium Refund (PR) AA (10-term) AA (30-term) MC (1k) MC (100k) MC (10m)
Mean 0.30037 0.30033 0.29095 0.30005 0.30055

Standard deviation - - 0.01736 0.00203 0.00027
Time (secs) <0.01 0.31 2.87 292.75 28,748.38

Table 2: Comparison of results for premium refunds

Fee Incomes (FI) AA (10-term) AA (30-term) MC (1k) MC (100k) MC (10m)
Mean 0.15864 0.15861 0.15602 0.15830 0.15872

Standard deviation - - 0.00553 0.00045 0.00008
Time (secs) <0.01 0.32 8.83 881.57 88212.87

Table 3: Comparison of results for fee incomes

Benefit Outgoes (BO) AA (10-term) AA (30-term) MC (1k) MC (100k) MC (10m)
Mean 0.15845 0.15843 0.15784 0.15832 0.15853

Standard deviation - - 0.00596 0.00053 0.00009
Time (secs) <0.01 0.37 3.68 366.07 36566.31

Table 4: Comparison of results for benefit outgos

3.2 Fair fee rate

We intend to find fair fee rates of the GLWB rider under the equivalence principle that no-arbitrage
values of incoming cash flows and outgoing cash flows are the same from both the policyholder’s
perspective and the insurer’s perspective.

Under the no friction cost assumption, i.e. m = mw, we solve for the fair fee rate m from
the pricing equation (2.14), which requires that the risk neutral value of the GLWB rider liability
equal to the risk-neutral value of fee incomes. A bisection method is used to search for the root
m with the tolerance of error at 10−4. For different levels of withdrawal rate w and volatility σ,
we present fair fee rates in Table 5. Observe that the fair rate increases with the withdrawal rate,
which has an intuitive interpretation that higher fees are required to compensate for more generous
guaranteed withdrawal rates. Note that the fair rate also increases with the volatility parameter.
As the volatility increases, a higher fee is necessary to compensate for the heightened level of tail
risk. We have also verified that the fair fee rates satisfy the pricing equation (2.6) as well, which
means that policyholders’ investments with the added benefits from the GLWB would have the
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same risk-neutral values as their initial deposits.

m w=0.05 w=0.06 w=0.07 w=0.08
σ = 0.2 0.27% 0.65% 1.40% 3.08%
σ = 0.3 0.64% 1.22% 2.24% 4.31%

Table 5: Fair fee rate m when m = mw

In practice, however, total fees are higher than rider charges. The model in this paper does
allow the consideration of additional charges, i.e. m > mw. For simplicity, we consider the rider
charge mw to be 80% of the total fee m and the other 20% for overheads and commissions. We use
the same pricing equation (2.14) and the same root search algorithm as in the previous case except
that mw = 0.8m. The results on fair fee rate m are shown in Table 6.

m w=0.05 w=0.06 w=0.07 w=0.08
σ = 0.2 0.35% 0.84% 1.98% 5.91%
σ = 0.3 0.83% 1.65% 3.30% 8.66%

Table 6: Fair fee rate m when mw = 0.8m

The advantages of analytical approximations in terms of accuracy and efficiency are most pro-
nounced for the calculations of Greeks. For the simulation method, one often has to use difference
quotients to approximate derivatives. Take the risk-neutral value of premium refund for example.
One would shock the current account value by a certain amount, say 1%, 0.1%, 0.01%, and take
the difference between the pre- and post-shock risk neutral values and divide it by the amount of
change in account values. Table 7 shows risk neutral values for various pre-shock and post-shock
account values. The difficulty with this approach is that as the shock gets smaller, sampling error
may even be bigger than the change in the risk neutral value, rendering incorrect results for sen-
sitivity measures. For the method of analytical approximation, we use the formulas developed in
Corollary 2.1 to determine the exact value of delta. Based on approximate delta values, we observe
in Tables 8 that difference quotients from MC(100k) are only accurate up to one decimal place when
the account value is shocked by 1% and the results are far from accurate when account values are
shocked by 0.1% or smaller amount. When the sample size increases to 10 million, the accuracy of
difference quotients improves at the expense of enormous time consumption.

13



F0 1 1.01 1.001 1.0001 1.00001
M
C

(1
00

k) Mean 0.30055 0.30600 0.30140 0.30050 0.30028

Standard deviation 0.00299 0.00229 0.00255 0.00229 0.00272

Time (secs) 288.50 284.21 286.92 284.57 284.55

M
C

(1
0m

) Mean 0.30055 0.30615 0.30106 0.30053 0.30057

Standard deviation 0.00027 0.00026 0.00028 0.00026 0.00025

Time (secs) 28748.38 28264.95 29566.56 28844.38 28255.92

Table 7: Premium refund calculation by Monte Carlo simulations

MC (100k) AA
F0 1 1.01 1.001 1.0001 1.00001

0.56218

PR 0.30055 0.30600 0.30140 0.30050 0.30028
Difference quotient - 0.54548 0.85386 -0.04709 -2.73239

Time (secs) - 572.71 575.42 573.07 573.05
MC (10m)

F0 1 1.01 1.001 1.0001 1.00001
PR 0.30055 0.30615 0.30106 0.30053 0.30057

Difference quotient - 0.56017 0.51015 -0.11157 0.17905
Time (secs) - 57013.33 58314.95 57592.76 57004.30 18.52

Table 8: Comparison of premium refund delta calculations by MC and AA methods
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Appendices

A Proofs

Proof of Proposition 2.1: Due to the independence assumption of the mortality risk and
investment risk, we obtain immediately that

EQ(V1) =w

∫ ∞
0

e−rsspx ds

EQ(V2) =

∫ ∞
0

E[e−rtFtI(Ft > 0)]q(t) dt(A.1)

It follows from (A.1) and Proposition 3.1 in Feng and Volkmer (2016b) that

EQ[V2] =
16w

σ4

∫ ∞
0

e−
4r
σ2
th(t)q

(
4t

σ2

)
dt,

where h(t) = e(t)− g(t), y = σ2G/(4w) and

e(t) = ye2(ν+1)t − 1

2(ν + 1)
(e2(ν+1)t − 1),

g(t) =
1

2(ν + 1)

∫ t

0
(1− e2(ν+1)(t−u))f(u) du

=
1

2(ν + 1)

∫ t

0
f(u) du− e2(ν+1)t

2(ν + 1)

∫ ∞
0

e−2(ν+1)uf(u) du+
e2(ν+1)t

2(ν + 1)

∫ ∞
t

e−2(ν+1)uf(u) du.

The function f is the density function of a scaled hitting time of {Ft, t ≥ 0} to zero, for which the
Laplace transform f̃(s) =

∫∞
0 e−stf(t) dt is given by

f̃(s) = (2y)−
1
2
(ν+λ(s))e

− 1
2y

Γ(λ(s)−ν2 + 1)

Γ(λ(s) + 1)
M

(
λ(s)− ν

2
+ 1, λ(s) + 1;

1

2y

)
,(A.2)

where M is the Kummer’s (confluent hypergeometric) function. Using the fact that

M

(
1

2
+ µ− κ, 1 + 2µ, z

)
= exp

(z
2

)
z−1/2−µMκ,µ(z),

we can also rewrite (A.2) as (2.10). Therefore, h can be rewritten as

h(t) =

(
y +

∫∞
0 e−2(ν+1)tf(t) dt− 1

2(ν + 1)

)
e2(ν+1)t +

1

2(ν + 1)

− 1

2(ν + 1)

∫ t

0
f(u) du− e2(ν+1)t

2(ν + 1)

∫ ∞
t

e−2(ν+1)uf(u) du,

where the last two terms of h will be denoted by I1(t) and I2(t) respectively. Therefore,

E(V2) =
16w

σ4

∫ ∞
0

e−
4r
σ2
t

[(
y +

∫∞
0 e−2(ν+1)tf(t) dt− 1

2(ν + 1)

)
e2(ν+1)t +

1

2(ν + 1)

]
q

(
4t

σ2

)
dt

−16w

σ4

∫ ∞
0

e−
4r
σ2
t

2(ν + 1)

(
I1(t) + I2(t)

)
q

(
4t

σ2

)
dt.(A.3)
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Note that the first two integrals are Laplace transforms of q, which can be represented in terms
of Ψ in (2.2). It only remains to find an efficient way of computing double integrals in the second
integral in (A.3), which we denote by I3.

Observe that for any <(s) > 0 we can get the Laplace transform of functions I1 and I2 by
exchanging the order of integration∫ ∞

0
e−stI1(t) dt=

1

s

∫ ∞
0

e−suf(u) du =
f̃(s)

s
;∫ ∞

0
e−stI2(t) dt=

∫ ∞
0

e−st
e2(ν+1)t

2(ν + 1)

∫ ∞
t

e−2(ν+1)uf(u) du

=
1

s− 2(ν + 1)

[∫ ∞
0

e−2(ν+1)uf(u) du−
∫ ∞
0

e−suf(u) du

]
=
f̃(2(ν + 1))− f̃(s)

s− 2(ν + 1)
.

Substituting (2.7) for q in the expression of I3 gives

I3 =
16w

σ4

∫ ∞
0

e−
4r
σ2
t

2(ν + 1)
[I1(t) + I2(t)]

∞∑
i=1

aie
− 4si
σ2
t dt

=
16w

2(ν + 1)σ4

∞∑
i=1

ai

∫ ∞
0

e−θit[I1(t) + I2(t)] dt

=
16w

2(ν + 1)σ4

∞∑
i=1

ai

[
f̃(θi)

θi
+
f̃(2(ν + 1))− f̃(θi)

θi − 2(ν + 1)

]
.

Collecting all pieces together yields the expression (A.1).

Proof of Proposition 2.2: Observe that for any s with <(s) > 0 we must have∫ ∞
0

e−st
(∫ t

τ0∧t
we−ru du

)
dt=

∫ ∞
τ0

we−ru
∫ ∞
u

e−st dt du =
w

s(r + s)
e−(r+s)τ0 .

Therefore, using the series representation of q in (2.7),

EQ[V3] =

∞∑
i=1

aiEQ
[∫ ∞

0
e−sit

∫ t

τ0∧t
we−ru dudt

]

=

∞∑
i=1

aiw

si(r + si)
EQ[e−(r+si)τ0 ] =

∞∑
i=1

aiw

si(r + si)
f̃(θi).

It follows from (Feng and Volkmer, 2016b, Proposition 3.4) that

EQ[V4] =
16wmw

σ4
4

σ2

∫ ∞
0

d(t, y)q

(
4t

σ2

)
dt(A.4)

where d(t, y) is given by (Feng and Volkmer, 2016b, (3.8, 3.9)) and its Laplace transform D(s) =
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∫∞
0 e−std(t, y) dt is given by

D(s) =
Γ(1 + (λ̂(s)− ν)/2)

s(r̂ + s)(r̂ + s− 2ν − 2)Γ(1 + λ̂(s))
(2y)−(λ̂(s)+ν)/2 exp

(
− 1

2y

)
M

(
1 +

λ̂(s)− ν
2

, 1 + λ̂(s),
1

2y

)
+

y

s(r̂ + s− 2(ν + 1))
− 1

s(r̂ + s)(r̂ + s− 2(ν + 1))

where r̂ = 4r/σ2 and λ̂(s) =
√

2(r̂ + s) + ν2. Substituting (2.7) for q in (A.4) yields the desired
solution.
Proof of Corollary 2.1: The result follows immediately from

∂

∂F0
EQ(V2) =

σ2

4w

∂

∂y
EQ(V2),

and the known property from (Feng and Volkmer, 2014, Proof of Proposition 3.4) that

fκ(y) := y−κ exp

{
− 1

4y

}
Mκ,η

(
1

2y

)
,

f ′κ(y) = −
(

1

2
+ η + κ

)
fκ+1(y).

B Fitting exponential sums to probability density functions

The methods to be discussed in this section apply to all probability density functions. We take
for example a mortality density, which is the primary subject driving this investigation. Lifetime
random variable is typically modeled either by a finite random variable (with a maximum age) as
implied by select and ultimate life tables or by a random variable on [0,∞) such as the Gompertz-
Makeham model in (2.1).

To be more specific, we here use the density function based on Gompertz-Makeham law of
mortality of a 65-year-old person as an example with parameters A = 0.0007, B = 0.00005, and
c = 101/25. As we can see in Figure 2, the mortality density decays rapidly after reaching a peak
at around 20 years and the density function beyond 100 years is negligible. (The probability of
surviving 100 years under this model is roughly 2.93× 10−939.)

In this section, we showcase three methods to fit this density function by an exponential sum.
Ideally, we seek the approximation function to be as close as possible to the desired probability
density function q in the sense that for a given ε > 0 we can always find a sequence of pairs
{(ai, si), i = 1, · · · ,M}. ∣∣∣∣∣q(t)−

M∑
m=1

aie
−sit

∣∣∣∣∣ ≤ ε, for all 0 < t <∞.(B.1)

The problem of approximating density function by an exponential sum is not new in the actuarial
literature. For example, Dufresne (2007a) proposed two methods of constructing combinations of
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Figure 2: Gompertz-Makeham density function on [0,100]

exponentials, one of which is based on Jacobi polynomials and the other based on log-beta densities.
Such approximations of mortality density function by exponentials have many applications in pricing
and hedging of various insurance products, such as stochastic life annuities in Dufresne (2007b),
equity-linked death benefits in Gerber et al. (2012), mortality-linked derivatives in Shang et al.
(2011), etc. However, it is worthwhile pointing out that the methods developed in Dufresne (2007a)
only use real-valued exponents and real-valued coefficients. In this paper, we introduce a technique
developed in the applied harmonic analysis literature, which allows both exponents and coefficients
to be complex-valued. As a result, we shall demonstrate that for a given level of accuracy the
approximation uses significantly fewer terms of exponential functions than those from Dufresne
(2007a) and hence can achieve a highly accurate approximation with small computational efforts.

B.1 Approximation based on Jacobi polynomials

The essence of the Jacobi polynomial approximation in Dufresne (2007a) is based on the fact that
any L2(−1, 1) function can be approximated arbitrarily close by a linear combination of Jacobi
polynomials. Any function q in L2(0,∞) can be mapped to a function g in L2(−1, 1) by the
transformation g(x) = q(−1

r ln((x + 1)/2)) for r > 0. Then g is represented in terms of Jacobi
polynomials and hence an approximation of q can be obtained by inverse functions. Here is a
summary of the Jacobi polynomial approximation.

Suppose q satisfies some L2(0,∞) integrability condition. Then, for given parameters (p, r, α, β),

q(t) =
∞∑
i=1

aie
−sit, si ≥ 0,
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where si = (p+ i)r, ai =
∑∞

k=i bkρki, and

bk =
rn!(2k + λ)Γ(k + λ)

Γ(k + α+ 1)Γ(k + β + 1)

∫ ∞
0

e−(β−p+1)rt(1− e−rt)αR(α,β)
k (e−rt)q(t) dt;

ρnj =
(−1)n(β + 1)n(−n)j(n+ λ)j

(β + 1)jn!j!
, λ = α+ β + 1.

The Jacobi polynomials are defined as

P (α,β)
n (x) =

(α+ 1)n
n!

2F1

(
−n, n+ α+ β + 1, α+ 1;

1− x
2

)
, n = 0, 1, · · ·

where the (α)n is the Pochhammer’s symbol, 2F1 is the hypergeometric function and the ‘shifted’
Jacobi polynomials can be written as

R(α,β)
n (x) = P (α,β)

n (2x− 1) =

n∑
j=1

ρnjx
j .

We experimented with several sets of the number of terms n with parameters p, r, α, β. For
each set of parameters, we determine the values of bk for k = 1, 2, · · · , n where n is an arbitrary
number of terms, and then approximate ai by a truncated sum of

∑n
k=i bkρki. Since the most

demanding component of the computation is numerical integration for the set of bk’s, we intend to
utilize as many results of bk as possible and hence find ai for i = 1, 2, · · · , n. Among different sets of
parameters we tested, the best results are shown under p = 0.2, r = 0.05, α = 0 and β = 0 in Table
9 for various number of terms n. Figure 3 shows the approximation error of a 15-term exponential
sum based on Jacob polynomials.

Number of Terms (n) 5 10 15 20
Maximum error 0.005 0.001 0.0002 0.00008

Table 9: Accuracy of approximation: Jacobi polynomials method
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Figure 3: Approximation error: Jacobi polynomials method with 15 terms

As each method has its limitations, there are several problems with the implementation of this
method. (1) It was recommended in the paper that the parameters p, r, α, β should be determined
by some trials and errors. It is unclear how one would choose a set of test parameters. If arbitrarily
chosen, one might have difficulty with how to twist parameters to achieve a small set of exponential
terms. (2) The true weight of each exponential ai is determined by an infinite series, which means
that each weight has to be approximated by a truncated sum. It is unclear how many terms should
be included for each ai and how the truncation affects the overall accuracy of the approximation of
q. It is with experiments we learn that the convergence of the partial sum in ai is in fact rather slow
and hence the calculation of each ai requires a large number of terms. (3) It is generally difficult
to obtain an explicit expression for bk and hence it requires repeated use of numerical integration,
which can be very time consuming. As the number of Jacobi polynomials increases, the numerical
integration requires higher system precision. For example, when using 20 terms of exponentials,
our experiments show that it requires the precision of 18 digits to produce accurate results and the
calculation takes more than an hour.

B.2 Approximation based on least squares fitting

Let y = (y1, y2, ..., yn) = (q(t1), q(t2), ..., q(tn))′ be the collection of q values sampled at points
{ti = ih} of equal distance h = T/n. This method is based on the notion of minimizing squared
errors for a set of sample points {(t1, y1), (t2, y2), · · · , (tn, yn)}. The question is how one finds the
unknown vectors α = (α1, α2, ..., αM )′ and β = (β1, β2, ..., βM )′ (n is considered far bigger than
M) such that the squared deviation of yi from its approximation based on an exponential sum is
minimized, i.e.

argmin
α,β

R(α,β), R(α,β) =
1

n

n∑
j=1

∣∣∣∣∣∣yi −
M∑
j=1

αje
−βjti

∣∣∣∣∣∣
2

.
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For notational brevity, we define the n×M matrix

A = A(β) =


e−β1h e−β2h · · · e−βMh

e−2β1h e−2β2h · · · e−2βMh
...

... · · ·
...

e−nβ1h e−nβ2h · · · e−nβMh


It is assumed that the problem has a single isolated minimum for β and A(β) is continuously
differentiable and has rank M . The mean squared errors is given by

R(α,β) =
1

n
ε>ε where ε = y −A(β)α,

and > is the conjugate transpose operation. It is clear from an ordinary least squares problem that
for each fixed β, R(α,β) is minimized by choosing

α̂(β) = (A>(β)A(β))−1A>(β)y.

It is shown in (Osborne, 1975, Theorem 2.1) that if there exists an (n − k) × n continuous matrix
X(β) having rank n− k and satisfying X(β)A(β) = 0, then

min
α,β

R(α,β) = min
β
ψ(β),

where
ψ(β) = y>X(β)>(X(β)X(β)>)−1X(β)y.

It is easy to see that there exist a vector γ = (γ0, γ1, · · · , γM )′ such that (e−β1h, e−β2h, · · · , e−βMh)

are roots of the equation γMzM+γM−1z
M−1+· · ·+γ0 = 0. In other words, given γ = (γ0, γ1, · · · , γM )′,

we can determine βi’s from the roots of the polynomial denoted by z1, z2, · · · , zM

βi =
1

h
ln zi, i = 1, 2, · · · ,M.

Define an (n−M)× n matrix

X = X(γ) =


γ0 γ1 · · · γM 0 · · · 0

0 γ0 · · · γM−1 γM · · · 0
...

... · · ·
...

... · · ·
...

0 0 · · · 0 γ0 · · · γM

 ,

where X depends on implicitly on γ. Because for any k = 0, 1, · · · , n−M ,

M∑
i=0

γi

M∑
j=1

αje
−βjh(i+k) =

M∑
j=1

αje
−βjhk

M∑
i=0

γie
−βjhi = 0,

it is clear that XAα = 0 for any α and hence XA = 0.
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The idea of Osborne (1975) is to minimize the quantity ψ with respect to γ instead of β, subject
to the normalization constraint γ>γ = 1. It is shown in (Osborne, 1975, Remark (ii)) that

min
γ

ψ(γ) ≤ min
β

ψ(β).

Osborne (1975) gave a few sufficient conditions under which the equality holds and stated that
“computational experience has been that equality holders provided that the model is appropriate
and the data is good". Without getting into technical details, we use the algorithm based on the
minimization problem with respect to γ.

Applying the method of Lagrange multiplier and some vector calculus, one can show that the
minimization problem reduces to

[B(γ)− λI]γ = 0, γ>γ = 1,

where λ is the Lagrange multiplier and

bij(γ) = y>Xi(X
>X)−1XT

j y − y>X(X>X)−1XT
j Xi(X

>X)−1X>y,

where Xi = ∂X/∂γi is a diagonal or superdiagonal matrix with nonzero entries all being 1.
It is shown in (Osborne, 1975, Remark (i)) that ψ is homogeneous of degree zero with respect to

γ and hence the Lagrange multiplier λ should be zero. For practical reason, we can use an iterative
algorithm to get an approximation γ̂ corresponding to eigenvalue λ̂ that is very close to zero, which
at k-th step can be calculated by

(B(γ̂(k))− λ̂(k+1)I)γ̂(k+1) = 0.

Following Kundu (1994), we choose the corresponding eigenvector of the smallest eigenvalue of
matrix U>U to be the initial value γ0 where

U =


y1 y2 ... yM+1

y2 y3 ... yM+2

...
...

yn−M yn−M+1 ... yn


and stop the iteration when |λ(k+1)| ≤ ζ

∑M+1
i=1

∑M+1
j=1 |bij |, where ζ is a manually controlled param-

eter for accuracy. The algorithm is very efficient in practice but it is hard to get a good estimate of
the rate of convergence. Osborne (1975) stated that if (1) ψ(γ) is small and (2) the second smallest
eigenvalue of matrix B is not small, then the iteration is likely to work.

The key steps can be summarized as follows:

1. (Setting the initial step) Choose M , the number of exponentials used for approximation.
Construct matrix U with elements yk = q(100k/n) where k = 0, 1, · · · , n. Find the eigenvalue
of U>U that is closest to zero, λ(1), and its corresponding eigenvector γ(1). Normalize γ(1)

by making its last component to be 1. Calculate matrix B(γ(1)).
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2. (Eigenvalue problem) Set the tolerance of error ζ. In the k-th iteration, find the eignvalue
of B(γ(k)) that is closest to zero λ(k+1), and its corresponding eigenvector γ(k+1). Stop the
iteration if |λ(k+1)| ≤ ε

∑M+1
i=1

∑M+1
j=1 |b

(k)
ij |, where b

(k)
ij is the ij-th element of matrix B(γ(k)).

3. (Determine complex nodes) Construct the polynomial equation γMzM +γM−1z
M−1+· · · γ1z+

γ0 = 0 and find all of its roots z1 = e−β1/n, z2 = e−β2/n, · · · , zM = e−βM/n.

4. (Determine complex weights) The coefficients α can be obtained from the ordinary least
squared method α̂(β) = (A(β)>A(β))−1A(β)>y.

When implementing this method, we set n = 128 sample points and a tolerance level of ζ =

10−12. The performance of this approximation method is shown in Table 10. As we can see, the
result is not as good as the Jacobi’s method at low number of terms of exponentials, but gets much
better when increasing the number of terms. The approximation error of this method using 50
terms of exponentials is shown in Figure 4.

Number of terms 5 10 15 20 30 50
Maximum error 0.2 0.8 0.15 0.2 0.01 10−7

Table 10: Accuracy of approximations based on least squares fitting
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Figure 4: Approximation error: least squares fitting with 50 terms
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The least squares fitting is quite time efficient, and relatively easy for users to alter the number
of exponentials in the approximation function. However as we can see later, the accuracy of this
method is not as good as the Hankel matrix’s under similar number of sample points and terms of
exponentials. Also, the accuracy of this method is not easy to control, as the iteration is controlled
by the ratio of the norm of matrix B and its smallest eigenvalue, rather than the maximum error
of approximation.

B.3 Approximation based on a decomposition of Hankel matrix

Beylkin and Monzon (2005) introduced a numerical method based on an approximation of a Hankel
matrix. To make this section self-contained, we briefly outline the main idea behind such a numerical
method. Readers are referred to Beylkin and Monzon (2005) for technical details.

We first reformulate the continuous problem (B.1) as a discrete problem. Given 2N + 1 values
of a function q(x) on a uniform grid in [0, 1] and a target level of error ε > 0, the goal is to find the
minimal number M of complex weights wm and complex nodes γm such that∣∣∣∣∣q

(
k

2N

)
−

M∑
m=1

wmγ
k
m

∣∣∣∣∣ ≤ ε, for all 0 ≤ k ≤ 2N.(B.2)

Then we use the same set of complex weights and complex nodes to construct a linear combination
of exponential functions as a smooth approximation

q(x) ≈
M∑
m=1

wme
tmx, for all x ∈ [0, 1], tm = 2N ln γm.(B.3)

In our application, the mortality density can be defined theoretically on [0,∞). Nevertheless, the
probability mass should be negligible beyond a certain advanced age for any reasonable mortality
model. For any continuous function q, we can find large enough N such that∣∣∣∣q(t)− q(b2Ntcb2N

)∣∣∣∣ ≤ 1

2N
max
t∈[0,b]

|q′(t)| ≤ ε

3
, for all t ∈ [0, b],

where bxc is the integer part of x. Hence, for any given level of error ε > 0, we can set a large
enough upper limit b > 0 such that q(b) < ε/3 and apply the approximation in (B.2) so that∣∣∣∣∣hk −

M∑
m=1

wmγ
k
m

∣∣∣∣∣ ≤ ε/3, for all 0 ≤ k ≤ 2N, hk := q

(
kb

2N

)
.(B.4)

If q is continuous and has a non-increasing tail for [b,∞), then the above procedure would produce
a solution to the continuous problem in (B.1).

We now sketch the idea of the Hankel matrix approximation for identifying the complex weights
{wm,m = 1, · · · ,M} and the complex nodes {γm,m = 1, · · · ,M}. Consider the (N + 1)× (N + 1)
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Hankel matrix H defined as follows.

H =



h0 h1 · · · hN−1 hN

h1 h2 · · · hN hN+1

...
...

hN−1 hN · · ·h2N−2 h2N−1
hN hN+1 · · ·h2N−1 h2N


.

To the practical purpose of this application, we shall only consider the case where the Hankel matrix
is real-valued. Then we can solve for the eigenvalue problem

Hu = σu,(B.5)

where, by the property of real-valued Hankel matrix, σ is a real and nonnegative eigenvalue and
u = (u0, · · · , uN ) is the corresponding eigenvector. By the definition of Hankel matrix, it is easy to
show that {hn, n = 0, · · · , 2N} satisfied the following recursive relation.

N∑
n=0

hk+nun = σuk, k = 0, · · · , N.

If we extend the eigenvector u to a periodic sequence of period L(L > N) and where uk = 0 for
N < k < L, then we can define an inhomogeneous recurrence relation

N∑
n=0

xk+nun = σuk, k ≥ 0,(B.6)

given the initial conditions xk = hk for k = 0, 1, · · · , N − 1. The the solution to the recurrence
relation is unique and can be solved by

xN+k = −
N−1∑
n=0

un
uN

xk+n + σ
uk
uN

, k ≥ 0,

provided that uN 6= 0. It is well-known that the solution to (B.6) can be written as the sum of a
general solution to the corresponding homogeneous recurrence relation and a particular solution,
denoted by {x(p)k , k ≥ 0}.

xk =
N∑
n=1

wnγ
k
n + x

(p)
k , k ≥ 0,

where {γ1, · · · , γN} is the set of N roots to the eigenpolynomial Pu(z) =
∑N

k=1 ukz
k. A particular

solution is given by

x
(p)
k =

σ

L

L−1∑
l=0

αlk
Pu(α−l)

Pu(αl)
, α := exp

{
2πi

L

}
,

because for all k = 0, 1, · · · , N ,

N∑
n=0

x
(p)
k+nun =

σ

L

L−1∑
l=0

αlk
Pu(α−l)

Pu(αl)

N∑
n=0

unα
nl =

σ

L

L−1∑
l=0

αlkPu(α−l) =
σ

L

N∑
n=0

(
L−1∑
l=0

α(n−k)l

)
uk = σuk.
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Note that |x(p)k | ≤ σ for all k ≥ 0. Therefore, it follows immediately that∣∣∣∣∣hk −
N∑
n=1

wnγ
k
n

∣∣∣∣∣ ≤ σ, k = 0, 1, · · · , 2N.

To find the approximation, we rank all the eigenvalues of H in a decreasing order

σ0 ≥ σ1 ≥ · · · ≥ σN .(B.7)

The idea of Beylkin and Monzon (2005) is to choose an eigenvalue σM (0 ≤ M ≤ N) smaller than
the level of error tolerance in (B.4), say ε/3. Then we can obtain the expected approximation with
absolute error of at most σ. Beylkin and Monzon (2005) made the observation that only first M
weights {w1, · · · , wM} are larger than σM and hence made the claim that

∑M
m=1wmγ

k
m has the “

nearly optimal" representation of the Hankel matrix. Observe one can obtain the unknown weights
(w1, · · · , wN ) by finding the unique solution to the Vandermonde system

hk − σx
(p)
k =

N∑
n=1

wnγ
k
n, 0 ≤ k < N.

The equation is also valid for N ≤ k ≤ 2N . Thus, the authors recommended using the least squares
solution (ρ1, · · · , ρN ) to the overdetermined problem

hk =
N∑
n=1

ρnγ
k
n, 0 ≤ k ≤ 2N.

To summarize the method, we shall carry out the computation in the following steps.

1. (Identify eigenvalue and eigenvector) Construct an (N + 1) × (N + 1) Hankel matrix with
elements hk = q(kb/(2N)) where k = 0, 1, · · · , 2N . Find all eigenvalues of the eigenvalue
problem (B.5), which are ranked from the largest to the smallest as in (B.7). Choose the
largest σM smaller than the level of error tolerance. Find the corresponding eigenvector u.

2. (Determine complex nodes) Construct the eigenpolynomial Pu(z) =
∑N

k=0 ukz
k and find all

of its roots. Find the M roots with smallest absolute values {γ1, · · · , γM}.

3. (Determine complex weights) Use the method of least squares to determined all the unknowns
{ρ1, · · · , ρM} in the equation hk =

∑N
n=1 ρnγ

k
n, for 0 ≤ k ≤ 2N .

The end product of the above-mentioned algorithm will produce the desired approximation
(B.3), or written in term of the mortality density,

q(x) ≈
M∑
m=1

ρme
tmx, x ∈ (0,∞),

where tm = (2N/b) ln γm.
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Figure 5: Magnitudes of eigenvalues of the Hankel matrix

Index 1 2 3 4 5 ... 10 20 30
Value 1.08341 0.36301 0.12004 0.04081 0.01427 ... 0.00010 10−8 10−11

Table 11: Magnitudes of eigenvalues of the Hankel matrix

We apply this method on the approximation of the density function for Gompertz-Makeham
law of mortality. To make a clear comparison with the previous method, we also choose 128 sample
points for the approximation in (B.2). Figure 5 shows the magnitudes of 30 largest eigenvalues of
the Hankel matrix in (B.5), some of which are shown in Table 11. It is clear from the figure that the
magnitudes decline sharply for the first few eigenvalues and level off after the 5th largest eigenvalue.

Number of Terms 5 10 15 20 30 50
Maximum error 0.004 0.00005 10−6 10−7 10−9 10−11

Table 12: Accuracy of approximation: Hankel matrix method

In order to test the performance of this approximation method, we use the same algorithm
multiple times with different number of terms. The maximum errors are shown in Table 12. It is
not surprising that the accuracy improves as the number of terms increases. In particular, Figure
6 shows that the approximate 10-term exponential sum has errors on the order of 10−4 whereas
the 30-term approximation has errors on the order of 10−10. The weights and nodes of the 10-term
approximation are also recorded in Table 13. Note that all nodes used for this approximation are
inside the unit circle and the corresponding weights are conjugate pairs.

It is clear from a direct comparison of Tables 9, 10 and 12 that in general the approximation
method based on Hankel matrix performs the best among all three methods for a given number
of terms in the exponential sum. Hence we use this method in the application to the pricing and
hedging of the GLWB in this paper.
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Figure 6: Approximation error: Hankel matrix method with 10 and 30 terms on [0,1]

Index Weight Node
1 −0.0000042168118995− 0.000184229090296I −7.87160235331270− 57.9923480588012I

2 −0.0000042168118996 + 0.000184229090296I −7.87160235331270 + 57.9923480588012I

3 −0.0031834939568260 + 0.775184104421561I −17.8809070802675− 5.78813530773984I

4 −0.0031834939568147− 0.775184104421574I −17.8809070802675 + 5.78813530773984I

5 0.0055795128233673− 0.000525545370396I −12.0760905443905− 43.1488933812164I

6 0.0055795128233654 + 0.000525545370395I −12.0760905443905 + 43.1488933812164I

7 0.0420287492975745− 0.329405324782881I −16.8833545061835− 17.5620783486733I

8 0.0420287492975832 + 0.329405324782889I −16.8833545061835 + 17.5620783486733I

9 −0.0341237733673547 + 0.054125922051487I −14.9527257600946− 29.8929916234268I

10 −0.0341237733673587− 0.054125922051482I −14.9527257600946 + 29.8929916234268I

Table 13: Weights and nodes of the 10-term approximating function based on Hankel matrix
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