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Message from the
Director, Illinois Geometry Lab
It is hard not to be amazed by the many different aspects of the Illinois
Geometry Lab (IGL). I admire the energy with which both undergraduate and
graduate students in IGL’s outreach efforts share their passion for mathematics
with middle and high-school students, and I marvel at the dedication of the
graduate student team leaders and the hard work of our undergraduate
students.The success of this whole enterprise is obvious to everyone who sees
our undergraduate students proudly present their research at various local and
national conferences.
In its seventh year the IGL continues to enhance and support undergraduate
research within the Department of Mathematics and to lead the departmental
efforts to engage local, state and national communities through outreach.
This spring semester more than 80 undergraduate students participated in 19
different projects mentored by 18 faculty members and 23 graduate students.
This is an increase of 100% within the last two years. Indeed, the demand by
undergraduate students for such research experience remains very strong.
Each semester the IGL receives applications from around 150 undergraduates,
almost all from suitable candidates. To satisfy this demand, the IGL will
continue to be dependent on the generosity of faculty, graduate students and
alumni alike.
Beginning this year, the Illinois Geometry Lab will award the Susan C. Morisato
IGL Scholarship. The purpose of this scholarship is to provide financial support
for graduate students who have previously participated as IGL research
mentors, to make progress on their thesis research. The scholarship is funded
by a generous donation from University of Illinois alumna Susan C. Morisato.
As always, we are extremely grateful for the support which we receive from
many committed partners. Funding for the IGL comes from the Department of
Mathematics, the National Science Foundation, the Mathematical Association
of America, and a generous gift from a private donor.
This is also the moment to thank Jeremy Tyson for his tremendous leadership
of the IGL throughout the last three years. Under his guidance the number of
undergraduate participants in IGL research projects has more than doubled
and the outreach activity has strongly increased.
— Philipp Hieronymi
Interim Director, Illinois Geometry Lab
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Alan Zhou

Analysis of Multi-Dimensional
Lotka-Volterra Food Web Models
Faculty Mentors: Sara Clifton and Zoi Rapti
Team Leader: Shinhae Park
Scholars: Cristal Cardenas, Xinxin Chen, Ariel Lerman, and
Hui Lyu
The most basic version of a Lotka-Volterra equation captures the complex
interaction between one predator and one prey population. Multidimensional
Lotka-Volterra systems can capture the dynamics of large food webs.
Many existing studies have used these systems to explore food webs using
computer simulations. This project aims to rigorously analyze the stability
of these multidimensional Lotka-Volterra models using graph theory
and dynamical systems techniques. Below are graphs that show species
competing with high and low variability in the interaction strength between
species. The first figure shows that many species survive with high interaction
strength, and the second figure shows that fewer species survive when the
interaction strength is lower.

Automata and Differentiable Function
Faculty Mentors: Philipp Hieronymi and Erik Walsberg
Team Leaders: Alexi Block Gorman and Elliot Kaplan
Scholars: Ruoyu Meng, Jack Wang, Ziqin Xiong, and
Hongru Yang
Given a real function f and its domain D, does there exist a Büchi automaton
that could recognize the set { ( x, f (x) ) | x ∈ D } ? If the answer is yes, the related
function is called regular. Last semster we dicovered several properties of
regular continuous function and regular space-filling curves. One interesting
fact we discovered is that every non-affine regular continuous function must
be nondifferentiable only on a nowhere dense set.
Based on the above results, this semester we have proven that regular
continuous function is locally affine outside a nowhere dense set. Our proof
uses systems of graphs between metric spaces and a relationship between
recognizability and Hausdorff dimension.

Beatty Sequences, Exotic
Number Systems, and
Beatty Sequences,
Number
Partitions
of theExotic
Integers

Systems, and Partitions of the Integers

Faculty Mentors: Professors A.J. Hildebrand and Ken
Stolarsky
Faculty Mentors: A.J. Hildebrand and Ken Stolarsky
Team Leader:
Li Li
Team
Leader:Junxian
Junxian
Scholars: Matthew
Jared
Krandel,
Xiaomin
Li, Li,
Scholars:
MatthewCho,
Cho,
Jared
Krandel,
Xiaomin
Weiru
Chen,
and
Yun
Xie
Weiru Chen, and Yun Xie

A Beatty sequence is a sequence of integers in the form an where a is some
irrational number greater than 1. These sequences are at the heart of a remarkable
result called Beatty’s Theorem, which states that if two irrational numbers a, b
satisfy the equation 1a + 1b = 1, then the Beatty sequences associated with a and b
partition the integers. One such Beatty partition occurs when a = Φ and b = Φ2 ,
where Φ is the Golden Ratio.
A theorem of Uspensky says that Beatty’s Theorem does not extend directly to
partitions into three or more sets. In our project we are trying to circumvent this
limitation by using “Beatty-like” sequences. The image on the left shows a
construction of a “Beatty-like” partition into 3 parts using the Beatty sequence
generated by Φ2 and Φ3 . The image on the right shows a construction of such a
“Beatty-like” partition into n parts where d(k, n) = (2n−1 − 1)kφ  + k.
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Brownian Motion on a CR Sphere
Faculty Mentor: Jing Wang
Team Leader: Derek Jung
Scholars: Tianyu Hou, Hanyu Lu, Courtney Seckman, and
Mingchao Zhang
Imagine flipping a coin and moving backwards or forwards based on the flip.
What would your movement look like? For our project, we were interested in
visualizing a form of random movement, called Brownian motion, on the CR
sphere.
We utilized a method of Dr. Niles Johnson to visualize the Hopf fibration on 𝕊3
using Mathematica. We used stereographic projection and hyperbolic tangent
to visualize the preimage of a point by the Hopf map. We are in the process of
building on our work to visualize Brownian motion on the CR sphere.

Calculus, Geometry andProbability in n
Dimensions
Faculty Mentor: A.J. Hildebrand
Scholars: Tanner Corum, Ajay Dugar, Kevin Grosman, and
Haoyu Wang
We continued our investigation of the Nash-Shapley poker model for three
players, one of the only mathematical poker models involving more than two
players. In their 1952 paper, John Nash and Lloyd Shapley analyzed this game
and derived the optimal strategies for each player, assuming maximally skilled
opponents. In our research we considered the best response strategies to
different types of semi-skilled players.

Data Science and Traffic Patterns
Faculty Mentor: Richard Sowers
Team Leaders: Sathwik Madhusudan and Vipul Satone
Scholars: Vivek Kaushik, Charles Liu, John Lee, Ziwei Liu,
Mayank Kathuria, Michael Pradaxay, Favian Tirado, and
Chiranjeev S Puri
Based on real world traffic data collected in the city of San Francisco, we
utilized k-means clustering method on the parking occupancy matrix to
generate clusters, which allowed us to distinguish days with abnormal
parking behaviors. Further, we attempted to identify behavior that is
unique to each cluster by examining the signatures, which resulted from
the non-negative matrix factorization. We then created heat maps such as
below to compare abnormal days with days of average level behavior, and
visualizations such as a typical day of the behavioral signatures for each of
our clusters. Our ultimate goal is that by studying the general parking pattern
of one city, we could be able to predict that of other cities and compare their
urban planning.

Degenerate Diffusion on Carnot Groups
Faculty Mentor: Jing Wang
Team Leader: Derek Kielty
Scholars: Andrew Jiang, Yirui Luo, Rizhao Qiu, and
Congwei Yang
Our project goal is to explore the degenerate structure of Carnot groups,
specifically the Heisenberg group. The degeneracy means any movement in
the space has dimension strictly lower than the dimension of the space. We
start by simulating the Brownian motion on the Heisenberg group, then we
are able to visualize the geodesics of Heisenberg group by conditioning on
Brownian motion with specified start and end point. Moreover, we explore the
Heisenberg diffusion inside a sphere and study the geodesic and heat pattern
on the surface.

Dirac Operators on Graphs
Faculty Mentor: Marius Junge
Team Leader: Li Gao
Scholars: Benjamin Norton, Jianfei Wang, Xintong Yu
We are developers who want to identify the store with the highest net traffic
flow. To do this, we look at a group of stores and analyze the traffic flow
between these shops.

We believe the weights given by the traffic flow represent geometric
information. Because our underlying space is discrete, we looked into our
toolbox from noncommutative geometry. The key object in noncommutative
geometry is the Dirac operator. In this particular case, a Dirac operator can be
constructed from the weights given by the traffic flow and is represented by a
matrix:

Following Connes’ Index Formula, we found that the index at a point is given
by the difference between the outgoing and incoming traffic.
Our contributions were to verify that the conditions of Connes’
noncommutative geometry were satisfied for arbitrary traffic flows. We
discovered what we call the IGL Dirac operator, which is a Dirac operator with
a particular choice of weights. What is special about our IGL Dirac operator is
that it can identify a particular store from its index.

Exploring physiological rhythms using
genetic algorithms
Faculty Mentors: Sara Clifton and Karna Gowda
Team Leaders: Vanessa Rivera Quiñones and Sungsoo Lim
Scholars: Yuliang Fan, Quinn Gerdes, Jingyu Li
Organisms from bacteria to plants to animals have evolved internal “clocks”
that regulate basic functions. Some examples of intrinsic biological clocks
include circadian rhythms, menstrual cycles, and reproductive cycles. In some
simple organisms, such as photosynthetic bacteria, underlying mechanisms
that regulate these clocks are understood. However the genetic and
molecular underpinnings of most biological clocks remain mysterious. We use
genetic algorithms to generate a collection of ordinary differential equations
(ODEs) that model molecular clocks. We interpret these ODEs biologically in
order to compare our results with known mechanisms.

Generating Language on Twitter
Faculty Mentor: Kay Kirkpatrick
Team Leader: Daniel Inafuku
Scholars: Ho Yin Au, Prajakti Jinachandran, Jayanti Supransh
Murty, Shreya Sharma, and Srivathsan Subramanian
Artificial intelligence (AI) is a highly active area of modern applied research
that aims to replicate in machines high-level behaviors that are usually
observable only in humans and some animals. Some examples include natural
language processing and speech recognition (e.g., Siri), image recognition,
and robotics. One measure of a machine’s intelligence is its ability to derive
meaning, or semantics, from symbolic representation, or syntax. The goal of
this project is to investigate this connection through the AI capabilities of
programmable internet bots on Twitter.
Analogous to how biological complexity arises from the four-letter language
of DNA, we suspect that bots that interact on the internet can display some
degree of intelligence when given a simple set of written instructions. Twitter
provides a unique platform to implement these bots because it provides a
diverse array of textual data and access to human users. To accomplish our
goals, we utilize a number of methods, including ideas from natural language
processing and genetic algorithms, to create a network of bots that generate
original word combinations.

Graph Associahedra
Faculty Mentor: Laura Escobar
Team Leader: Itziar Ochoa de Alaiza Gracia
Scholars: Ashna Anil, Tejo Nutalapati, and Xiaohan Liu
A partition splits a collection of n elements into a certain number of
nonempty sections. We consider only the partitions whose sections
correspond to a connected graph of a tree with n vertices. By weighting and
then ordering these partitions according to a cover relation, we organized
them into the weighted bond poset. We attempt to verify and prove the
conjecture by Michelle Wachs and Rafael González D’León which connects
the weighted bond poset with the polytopes called graph associahedra.
More precisely, with the vertices, edges, up to the n-dimensional faces of this
polytopes ordered by containment.
Using Sage, an open source mathematical software, and Python we generated
the bond posets and computed the Möbius function and the face lattice (the
vertices, edges, up to the n-dimensional faces) of the graph associahedron of
the associated polytope.

Figure 1: The bond poset and graph associahedron (a pentagon)
for a path graph with 3 vertices.

Mathematical Model of Gender Bias and
Homophily in Professional Hierarchies
Faculty Mentor: Sara Clifton
Team Leader: Elizabeth Field
Scholars: Patrick McMahon, Grace Sun, and Alan Zhou
Our main goal is to interpret gender bias in professional hierarchies through
a mathematical model of how individuals ascend through the ranks in their
profession. The two factors that determine this in our model are hiring bias
and homophily, or the tendency of individuals associating with others like
themselves.
So far, we have collected more data on different hierarchies, improved our
model, and created bifurcation plots to understand the model’s behavior.
The plot on the left demonstrates the current accuracy of our model, and the
heatmap on the right exhibits the general steady state based on different
parameters.

Multi-Soliton Solutions to Integrable
Nonlinear Wave Equations
Faculty Mentor: Katelyn Leisman
Team Leader: Matej Penciak
Scholars: Zachary MacAdam, Mark Belsis, Christian Williams,
and Stephen Ngo
This project focuses on a special family of solutions, called soliton solutions,
to certain partial differential equations. Solitons are named such because they
are a moving solitary wave, in the sense that their general shape does not
change over time. Furthermore, the shape of the wave is preserved before
and after two different solitons interact. Our goal is to simulate exact solutions
to understand how interactions between pulses behave.
So far we’ve simulated single solutions to the NLS, KdV, and Sine-Gordon
equation. Now, we are focusing on simulating situations in which multiple
solitons are present and the interactions between these solitons.

Poisson Geometry in Low Dimensions
Faculty Mentor: Ivan Contreras
Team Leader: Joel Villatoro
Scholars: Rodrigo Araiza, Leonardo Rodriguez,
Jordan Stempel, and Jessica Bai
This project is intended to study the geometry of dynamical systems and
the quantities that are conserved. The key concept is the notion of a Poisson
bracket which, when supplied with an energy function, gives a description
of the time evolution of physical quantities. We focus on two aspects of this
theory: the visualization and categorization of Poisson brackets in two and
thee dimensions.
To help accomplish this, we have developed a program to calculate the
Poisson bracket of polynomials in 2 and 3 dimensions. This calculator is also
used to visualize the vector field associated to a given energy function.

Rational Points on Modular Curves
Faculty Mentor: Patrick Allen
Team Leader: Ravi Donepudi
Scholars: Auden Hinz, Xingkai Wang, and Sung Jib Kim
An elliptic curve is roughly a non-singular cubic curve of the form
y2 = x3+ax+b and a point at infinity. We can define an “addition” operation
on points on an elliptic curve to create an Abelian group. In our project, we
study a family of elliptic curves over ℚ(i) parameterized by a certain modular
curve. Our goal is to understand how often the two torsion field of a curve in
this family (usually a degree 6 extension of ℚ(i) arises as a base-change of a
degree 6 extension over ℚ. We use the software programs Sage and Magma
to enumerate elliptic curves in our family by height and use Galois theory to
compute how often the above phenomenon happens.

The "addition" operation on an elliptic
curve.

A diagram of the base-change
phenomenon.

Scaling Limits for Maximum
Weight Perfect Matching
Faculty Mentor: Partha Dey
Team Leaders: Lina Li and Peixue Wu
Scholars: Joseph Rogge, Shulin Fang, and Brian Vien
Consider an Aztec Diamond, as seen below in the first figure. Given a domino
tiling (the union of two adjacent squares) created from a maximum weight
perfect matching, where weights are assigned at random, our goal is to
construct a height function over all the vertices, and to visualize and analyze
the resulting surface.
We have successfully coded the random-weighted maximum perfect
matching for Aztec diamonds. We can also compute their corresponding
surfaces and the error surface for small graphs. Currently we are defining
height function over other shapes, e.g. “gem graph” and non-equilateral
diamonds on square grids, to investigate their corresponding surfaces.

Surfaces moving under Hamiltonian
flows
Faculty Mentor: Ely Kerman
Team Leader: Nachiketa Adhikari
Scholars: Wanbin Cao, Jing Ren, and Huolin Zhang
As a surface moves under our Hamiltonian flow, several subtle properties
are preserved. One of these is the Ekeland-Hofer capacity of the surface, the
minimum symplectic area enclosed by special closed curves on the surface
called characteristics. We are developing an algorithm to find these curves
and compute their areas when the surface is the boundary of a convex
polytope. Our starting point is an algorithm for smooth surfaces due to Göing
which, as illustrated below, doesn’t behave well with respect to corners. Our
refinements to this algorithm have produced one better adapted to the
combinatorial structure of a polytope. We are using it to study new formulas
for the EH-capacity and to test a conjecture, due to Viterbo, concerning the
relationship between the EH-capacity and the volume.

(a) Göing’s capacity carrier on a polytope

(b) Our capacity carrier after refinement

Video as a Sensor
Faculty Mentor: Richard Sowers (Math, ISE)
Team Leaders: Daniel Carmody and Kyle Begovich
Scholars: George Aleksandrovich, Russell Ang, Felipe Arias,
Pengyu Cheng, Wei Liu, Dongjun Seung, and Eric Shen
In our second year in the project, we decided to set out on contextualizing
live video detections in the scope of urban risk. Today, integrating cameras
into a vehicle or traffic system is easier than ever, and we would like to
evaluate and extrapolate from that vast amount of data. For example,
emphasizing detections that are in the path of travel of the vehicle the camera
is mounted on along with beginning lane line detection.
Building on the previous semester’s work, we are increasing the robustness
of the detections by implementing both regression over previous frames
and training a support vector machine. This informs the current detection
confidences with the presupposition that objects persist and remain in the
same vicinity, and the SVM works to partition objects with a hyperplane to
better differentiate their detections.

Visual Cliffs, Virtual Reality and
Movement Disorders
Faculty Mentor: Manuel Hernandez and Richard Sowers
Team Leaders: Rachneet Kaur and Shukun Wu
Scholars: Yizhen Ding, Eros Garcia, Feiyang Li, Jia Na, Alex
Rios, Cong Shen, and Jiaying Wu
We use a Virtual Reality headset (HTC Vive) to let people walk through a
virtual world with terrain that adjusts according to a person’s anxiety level. A
brain-computer interface—in the form of an EEG—records brain waves and
estimates the person’s anxiety level. An adaptively paced treadmill allows the
person to walk at their own speed, for however long they wish. The tools we
develop form the basis of a platform to study how anxiety influences people’s
motion patterns.

Publications
Weiru Chen, Mo Jiao, Calvin Kessler, Amita Malik, Xin Zhang “Spatial Statistics
of Apollonian Gaskets”, Experimental Mathematics (2017).
Based on an Xin Zhang’s Spring 2017 IGL project “Geometry of Apollonian circle
packings”, supported by NSF Grant DMS-1449269.
Ivan Contreras, Sarah Loeb, Chengzheng Yu, “Hyperwalk Formulae for Even
and Odd Laplacians in Finite CW-Hypergraphs”, arXiv:1708.07995.
Based on Ivan Contreras’ 2016/17 IGL project “Quantum Mechanics for Graphs
and CW-Complexes”
Zhaodong Cai, Matthew Faust, A.J. Hildebrand, Yunxian Li, Yuan Zhang,
“Leading Digits of Mersenne Numbers”, arXiv:1712.04425.
Based on work conducted for IGL projects in Spring 2016 and Fall 2016.
Rachneet Kaur, Xun Lin, Alexander Layton, Manuel Hernandez, Richard Sowers,
“Virtual Reality, Visual Cliffs, and Movement Disorders”, 40th Annual International
Conference of the IEEE Engineering in Medicine and Biology Society.
Based on Manuel Hernandez and Richard Sowers’ Spring 2017 and Fall 2017 IGL
project “Visual Cliffs, Virtual Reality and Movement Disorders”
Yu Wu, Gabriel Shindnes, Vaibhav Karve, Derrek Yager, Daniel B. Work, Arnab
Chakraborty, and Richard B. Sowers, “Congestion Barcodes: Exploring the
Topology of Urban Congestion Using Persistent Homology”, IEEE 20th
International Conference on Intelligent Transportation, arXiv:1707.08557
Based on Richard Sowers and Dan Work Spring 2017 IGL Project “Traffic patterns
in Manhattan”.

Presentations
Joint Mathematics Meetings, San Diego, CA, January 10-13, 2018
Fan Wu: “Mathematics of Poker: Adaptive Strategies”, Poster (AJ Hildebrand)
Xinying Fang: “Mathematics of Poker: Skill vs. Luck”, Poster (AJ Hildebrand)
Chengzheng Yu: “Gluing Laplacians and counting walks on graphs”, Poster (Ivan
Contreras)
Michael Toriyama: “Spectral Gluing Formulae of the Graph Laplacian and Quantum
Mechanics”, Poster (Ivan Contreras)
continued 

Nebraska Conference for Undergraduate Women in Mathematics,
University of Nebraska, Lincoln, NE, Jan. 26-28, 2018
Xinying Fang: “Mathematics of Poker: Skill vs. Luck”, Poster (AJ Hildebrand)
Jiayin Lu: “Extensions of the Nash-Shapley model for three-player poker games”
Poster (AJ Hildebrand)
Latinx in the Mathematical Sciences, UCLA, March 8-10, 2018
O. Rodrigo Araiza Bravo: “Quantum Mechanics and the Topology of CW-Complexes”
(Ivan Contreras)
Rose-Hulman Undergraduate Mathematics Conference, Terre Haute, IN, April
20-21, 2018
Tanner Corum, Alex Dugar, Kevin Grosman, Haoyu Wang: “The Mathematics of
Poker: Extending the Nash-Shapley Model”, 15 minute talk (AJ Hildebrand)
UI Undergraduate Research Symposium, April 19, 2018
Kyle Begovich: “Video As a Senor: From Discovery to Applications,” Talk (Richard
Sowers)
Grace Sun, Alan Zhou, Patrick McMahon: “Mathematical Model of Gender Bias and
Homophily in Professional Hierarchies”, Poster (Sara Clifton)
Rizhao Qiu: “Degenerate Diffusions on Carnot Groups”, Poster (Jing Wang)
Srivathsan Subramanian, Prajakti Jinachandran, Jayanti Supransh Murty, Ho Yin Au:
“Generating Language on Twitter”, Poster (Kay Kirkpatrick)
Mingchao Zhang, Courtney Seckman, Hanyu Lu, Tianyu Hou: Brownian Motion on
a CR Sphere”, Poster (Jing Wang)
Weiru Chen, Jared Krandel: “Golden Ratio Based Partitions of the Integers”, Poster
(AJ Hildebrand and Ken Stolarsky)
Tanner Corum, Haoyu Wang, Kevin Grosman, Ajay Dugar: “The Mathematics of
Poker: Extending the Nash-Shapley Model”, Poster (AJ Hildebrand)
Xiaomin Li, Yun Xie, Matthew Cho: “Almost Beatty Partitions”, Poster (AJ Hildebrand
and Prof Ken Stolarsky)
Ziqin Xiong, Ruoyu Meng: “Automata and Space-filling Curves” Poster (Philipp
Hieronymi and Erik Walsberg)
Quinn Gerdes, Jingyu Li, Yuliang Fan: “Exploration of Physiological Rhythms using
Genetic Algorithms”, Poster (Sara Clifton and Karna Gowda)

About the Illinois Geometry Lab
The Illinois Geometry Lab is a facility in the Department of Mathematics at the
University of Illinois focusing on mathematical visualization and community
engagement.
At the lab undergraduate students work closely with graduate students
and postdocs on visualization projects set forth by faculty members. In
the community engagement component of the lab, IGL members bring
mathematics to the community through school visits and other activities.
The IGL is affiliated with Geometry Labs United (GLU), the parent organization
of a group of research labs hosted in mathematics departments around the
country. The mission of GLU is to promote undergraduate mathematics research
and public and community engagement. Other labs currently affiliated with
GLU include the Experimental Geometry Lab (EGL) at the University of Maryland,
the Mason Experimental Geometry Lab (MEGL) at George Mason University,
the Experimental Algebra and Geometry Lab (EAGL) at the University of Texas
Pan-American, the Washington Experimental Mathematics Lab (WXML) at
the University of Washington, the Mathematical Computing Laboratory (MCL)
at the University of Illinois at Chicago, and the Center for the Integration of
Undergraduate, Graduate and Postdoctoral Research (iCenter) at Kansas State.
To schedule an IGL activity with your group, contact the IGL outreach
manager at igl@math.uiuc.edu.

Joining the Illinois Geometry Lab
Participation in the Illinois Geometry Lab is open to all undergraduate
students who have completed Math 241. Some familiarity with programming
is also recommended. Prerequisites vary by project.
For additional information on joining the lab, visit
www.math.illinois.edu/igl/join.htm.

Schedule an outreach activity
For information on how to schedule an IGL outreach activity for your school or
organization, please contact igl@math.uiuc.edu.

Illinois Geometry Lab
121 Altgeld Hall
Department of Mathematics
University of Illinois at Urbana-Champaign
1409 W. Green Street, Urbana, IL 61801
www.math.illinois.edu/igl • email: igl@math.uiuc.edu

