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Message from the Director
Another exciting year of research and community outreach by the
Illinois Geometry Lab (IGL) draws to a close. Both aspects of the IGL’s
mission continue to thrive and expand in new and innovative ways.
This semester the IGL hosted 11 projects involving 37 undergraduate
students in research on a remarkably diverse range of topics. Projects
included visualization of three-dimensional manifolds, the geometry of
voting methods, stochastic analysis and partial differential equations,
and the dynamics of subterranean motion. One of this semester’s
research groups designed interactive web-based gaming tools for
instructional use in upper-level linear algebra courses. This semester
we’ve been pleased to welcome a number of projects mentored by a
large and enthusiastic group of the department’s postdoctoral fellows.
The IGL continues to serve as a public face for mathematics and our
department through numerous engagement and outreach activities.
We’re in the process of forging new partnerships with similar
community outreach organizations across campus and in the local
community. This summer, the IGL will host our second annual Summer
Illinois Math (SIM) Camp, a week long day camp for high school
students aimed at introducing advanced mathematical concepts through
innovative and engaging classroom activities. We’re expanding the
camp to two separate one-week sessions, covering topics such as
topological games, mathematical biology and cryptography. More
information about the 2016 SIM camp can be found later in this
brochure.
We are grateful to the many partners and funding agencies whose
generous support ensures the ongoing vitality of the IGL. Support for
the IGL in 2015-2016 has come from the Department of Mathematics
at the University of Illinois at Urbana-Champaign, the Office of
Public Engagement, the Mathematical Association of America and the
National Science Foundation.
—Jeremy Tyson
Director, Illinois Geometry Lab

Interactive Learning Tools for
Linear Algebra
Faculty Mentor: Cary Malkiewich, Jenya Sapir
Team Leader: Ruth Luo, Claire Merriman
Scholars: Cameron Dart, Tyler Mulick, Zesheng Wang
Using common web technologies, we are developing a game that can
be used as an interactive introduction to the setting and topics in a
first-year linear algebra course. The game is designed to accompany
a formal introductory course in linear algebra, but can be played
without any knowledge of the subject.
The player controls a robot’s arm using the radar on the left screen.
The position of the player’s cursor represents a vector in ℝ2. However,
the robot is malfunctioning, so the arm’s position on the right screen
represents the vector after being acted on by a linear transformation.
As the player learns to quickly retrieve parts scattered around the
room, they must also learn to apply their intuition about the geometry
of linear transformations to improve their performance. The game is
available at http://p415x.xyz.

Plasticity and Synchrony for
Coupled Oscillators
Faculty Mentor: Jared Bronski
Team Leader: Seth Wolbert
Scholars: Yizhang He, Xinye Li, Yue Liu,
Danielle Sponseller
This project focuses on modeling the firing and synchronization of
neurons (Hebbian dynamics), which can be described by a revision
of the Kuramoto model:

where the ωi are the natural frequencies of the oscillators, the γij are
coupling weights and α is a damping coefficient. We are interested
in understanding the stability of the fixed points of the system.
The analysis was done by calculating the number of negative
eigenvalues of the gradient matrix, which comes from the
linearization of the system near fixed points. The following images
show the numerical simulations of the system under different α,
with fixed points of original Kuramoto model marked by green and
stable region of new model marked by purple.

Discrete Morse Theory, Vector Fields,
and Materials Science
Faculty Mentors: Ruth Davidson and Rosemary Guzman
Team Leader: Nima Rasekh
Scholars: Chuan Du, Tyler Graham, Adarsh Manawa,
Christopher Szul
One of the important tasks of materials science is to compare
structural properties of substances. For example, one may
compare the porosities of two materials used in airplane wings
and the conductivities of two metals. Yet this type of inquiry
traditionally requires a lot of experimental data, time, and
financial resources. Discrete Morse Theory provides a toolkit
for studying key qualitative properties of shapes. A team of
Australian scientists has successfully applied this toolkit in order
to extract information about digital images. We have adapted
their ideas for use in the comparison of properties of engineering
materials via analysis of microscopic images, and found simple
instances where image-based analysis should provide an effective
short cut for comparing the properties of two or more materials.

Randomness in Number Theory
Faculty Mentor: A.J. Hildebrand
Team Leader: Junxian Li
Scholars: Zhaodong Cai, Matthew Faust, Shunping Xie
If you pick a Fibonacci number at random, what are the chances
that it begins with a 1 (or a 2, or a 9)? Surprisingly, the answer is
not 1/9 as one might expect. In fact, around 30.1% of Fibonacci
numbers begin with a 1, about 17.6% begin with a 2, and only
around 4.6% begin with a 9.
This peculiar first-digit distribution is known as Benford’s Law.
It has been found to apply to mathematical sequences such as the
powers of 2 and the factorials, as well as many real world data sets
such as populations of world cities, masses of planets, and stock
price indices.
In this ongoing project we investigate the first-digit distribution of
mathematical sequences more closely, focusing in particular on the
degree of global and local “randomness” in the sequences of first
digits. Our investigations have revealed interesting connections
with other areas in number theory, and surprising fractal-like
patterns that have yet to be fully explained.

Calculus, Geometry, and Probability
in n Dimensions
Faculty Mentor: A.J. Hildebrand
Team Leader: Matthew Romney
Scholars: Vivek Kaushik, Aubrey Laskowski, Yukun Tan
This year we focused on voting phenomena and voting paradoxes.
Consider an election in which voters rank all candidates by order
of preference. How does the outcome depend on the voting
methods used?
Using a geometric approach to voting theory, Tabarrok and Spector
(1998) studied how the outcome of the 1860 US Presidential
election would have changed using other voting methods. We
performed a similar analysis on the much richer data set of AP
college football poll ballots. We found many instances of known
paradoxes, such as cyclic majorities and different outcomes under
different voting methods. (A cyclic majority is a situation in which
team A is ranked above team B by the majority of voters, team B
is ranked above team C by the majority of voters, and team C is
ranked above team A by the majority of voters.)

Brownian Motion And Diffusion
Processes
Faculty Mentors: Jing Wang
Team Leader: Derek Jung, Yunchao Qi
Scholars: Lucas Capoia, John Haug, Zhe Hu, Zhaopeng Liu
Brownian motion can simply be described as “random motion.”
For instance, a particle floating in water will exhibit Brownian
motion, where its displacement at any given time is random and
independent of its previous trajectory.
Our goal is to simulate Brownian motion and other processes
driven by the Brownian motion—such as the Kolmogorov
process and the diffusion process on the roto-translation group—
to explore optimal paths and study Hörmander’s condition. By
constraining our simulations, we seek to approximate the optimal
path. If constraining the sample paths changes the optimal path,
we say that the process follows the weak Hörmander’s condition;
otherwise it follows the strong Hörmander’s condition.

Combinatorial Models of Surfaces
Faculty Mentor: Mark Bell
Team Leader: Sarah Yeakel
Scholars: Mitchell Almquist, Aaron Cunanan, Jingyi Nie,
Yicheng Pu
Surfaces can be made by gluing together polygons. This project
focuses on creating an algorithm to translate square representations
to hexagonal representations.
We first configured surfaces made by both gluing squares and
hexagons in different ways, and then, using the Euler characteristic
of the surfaces, generalized the process of configuring surfaces.
We also programmed the algorithm using Python to automate this
process.
In addition, we are interested in moving core curves from square
models to hexagonal models. By knowing that the order of a
curve’s intersection in a square model is the same as in a hexagonal
model, we are trying to find a way to move the core curves given
by any square model.

Visualization of three-manifolds
Faculty Mentor: Mark Bell
Team Leader: Xinghua Gao, Malik Obeidin
Scholars: Jose Sanchez, Runxin Xie
Our project is mainly concentrated on the visualization of
3-manifolds by taking advantage of hyperbolic geometry. We
have successfully added some convenient visualization tools on
an application called SnapPy. Both Klein and Poincaré models are
presented in SnapPy.
Basically, we modify source code by using Python and add the
“Export” button in the file menu in order to extract the appropriate
STL files, which are the required format for the 3D printer. Since
there is a huge difference between the two models, we triangulate
each facet about 5 times in the Klein model and then transform
those triangles into Poincaré model in order to deal with curving
surfaces and distorted lines. Furthermore, we want to costefficiently 3D print the desired objects. Therefore, we construct
the model with the faces “hollowed out”, allowing us to save much
material in the printing process.

Introduction to Stochastic Simulation
Algorithms
Faculty Mentor: Ikemefuna Agbanusi
Team Leader: Zhan Zhang
Scholars: Tianyu Liang, Jing Mu, Yunxiang Zhang, Ran Zhou
In this project, we study the movements of particles undergoing
Brownian motion on a bounded domain. The application of this
study can be determining the time for patients to feel the effect of
a drug. In this example, the drugs are the particles and the bounded
domain is the interior of the cell. It would also answer questions
like how much time it takes for a moving particle can find a static
or moving particle.
Using Monte Carlo Simulation technique and proper assumptions
of particle moving pattern, we are able to simulate and visualize
the movements of particles. Using the knowledge of partial
differential equation and different boundary conditions, we could
study the time of exit and location of particles in region of various
shape and dimension.

Dynamics of Subterranean Motion
Faculty Mentor: Richard Sowers
Team Leader: James Schmidt
Scholars: Jingfei Liu, Gabriel Shindnes, Nga Thai
Our goal is to make a simulation that models the underground
movements of worms, allowing a user to control the direction the
worm will move in. This simulation should be able to accurately
reflect the dynamics of a worm. We use Javascript as our tool to
visualize the worm.
We represent the worm in segments, with dots symbolizing
a portion of the worm and the empty space will reflect the
contractions that a worm would make when moving. We then use
this model to create a physical representation with the intention of
it being able to gather data in areas ureachable to humans.

Distribution of Loops on Surfaces
Faculty Mentor: Mark Bell
Team Leader: Joseph Rennie
Scholars: Lang Yin, Ying Yin, Xusheng Zhang
Take a surface, draw a loop (path that starts and ends at the same
point) on it. Then, ask all your friends to draw loops on it. Now,
take a different shape and do the same thing. You may see that the
distributions of such loops on the two shapes are different.
Our project will produce software that will take a surface created
by the user and output the distribution of loops on that surface. We
studied the distributions by deforming the surface into a net as you
do with dice. The following is an example of the deformation of a
torus.

Davis, Dianna: Lines in positive genus: An introduction to
flat surfaces.

Summer Illinois Math Camp
The Summer Illinois Math (SIM) Camp is a day camp for
middle and high school students that encourages proficiency
in mathematics and science by introducing students to proofs
and applications of math. Campers are encouraged to view
mathematics as a broader and more interesting subject than just
formula memorization. By showing students some of the ways
mathematicians approach problems, we hope to encourage them to
continue studying mathematics beyond the high school level.
Twenty-three high school students attended the 2015 SIM Camp.
In the mornings, students studied low-dimensional topology: they
proved the classification of compact surfaces, developed strategies
for tic-tac-toe on a torus and Klein bottle, and tried to visualize
higher dimensional cubes. Afternoons were spent on number
theory and cryptology. Students learned the basics of proofs
and modular arithmetic and enjoyed encrypting and decrypting
messages using ciphers. Students also spent a day applying
mathematics to chemistry by building models of chiral molecules
and encrypting messages in disappearing ink.

For summer 2016, SIM Camp will employ four mathematics graduate
students and four undergraduate students from the mathematics Merit
Scholars program to run two camps. SIM Camp Epsilon will teach
rising 8th and 9th grade students about cryptography and topological
games. SIM Camp Delta will teach 9th to 12th graders about
mathematical biology and non-Euclidean geometry.
Visit the SIM Camp website www.math.illinois.edu/SIM/ for more
information and to access the application form.
Support is provided by the Office of Public Engagement, the
Department of Mathematics, and the Illinois Geometry Lab at the
University of Illinois at Urbana-Champaign, the Association for
Women in Mathematics, the Mathematical Association of America,
and the National Science Foundation.

About the Illinois Geometry Lab
The Illinois Geometry Lab is a facility in the Department of
Mathematics at the University of Illinois focusing on mathematical
visualization and community engagement.
At the lab undergraduate students work closely with graduate
students and postdocs on visualization projects set forth by faculty
members. In the community engagement component of the lab,
IGL members bring mathematics to the community through school
visits and other activities.
The IGL is affiliated with Geometry Labs United (GLU), the parent
organization of a group of research labs hosted in mathematics
departments around the country. The mission of GLU is to promote
undergraduate mathematics research and public and community
engagement. Other labs currently affiliated with GLU include the
Experimental Geometry Lab (EGL) at the University of Maryland,
the Mason Experimental Geometry Lab (MEGL) at George Mason
University, the Experimental Algebra and Geometry Lab (EAGL)
at the University of Texas Pan-American, and the Mathematical
Computing Laboratory (MCL) at the University of Illinois at Chicago.
To schedule an IGL activity with your group, contact the IGL
outreach manager at igl@math.uiuc.edu

Joining the Illinois Geometry Lab
We invite all undergraduate students to apply. Some familiarity
with programming and completion of multivariable calculus are
recommended, but prerequisites vary by project.
For additional information on joining the lab, viist
www.math.illinois.edu/igl/join.htm.
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