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Message from the Director
As we enter our fifth year, the Illinois Geometry Lab (IGL) continues to 
showcase the mathematical talents of undergraduate students at the 
University of Illinois. An increasingly diverse portfolio of research projects 
contributes to many fields within both pure and applied mathematics, and our 
outreach initiatives translate the mathematical expertise of our members into 
compelling and engaging programs for students and community members.

What have students in the IGL been up to this semester? Here are a few 
highlights

• students performed a large-scale data analysis of traffic flow in New York 
City and found a number of stable large-scale patterns.

• a pair of project teams used the geometry of polyhedra and 
computational algebraic geometry to analyze phylogenetic structures.

• students developed a new combinatorial framework for quantum 
mechanics on graphs and geometric complexes that leads to a better 
understanding of quantum dynamics and heat diffusion.

Our outreach efforts continue to raise the visibility of the Mathematics 
Department, both locally, regionally and nationally. A new partnership 
with the St. Elmo Brady STEM Academy in the Department of Chemical 
and Biomolecular Engineering helped the IGL to expand its efforts to reach 
elementary and middle school students within the Champaign-Urbana 
area.  We’re busy planning the third annual Summer Illinois Math Camp, 
where middle and high school students from across East Central Illinois will 
learn advanced mathematical topics from graduate student instructors and 
undergraduate teaching assistants. In January 2017, members of the IGL 
leadership team will give several presentations at the Joint Mathematics 
Meeting in Atlanta, GA, where we’ll advertise our extensive and inventive 
efforts to bring mathematical knowledge and the joy of mathematical 
discovery and reasoning.

As always, we are deeply grateful for the generous support which we receive 
from many funding agencies and other sources. It is instrumental in making 
this lab a success. Support for the IGL in 2016 comes from the Department of 
Mathematics, the NetMath Program, and the Office of Public Engagement at 
the University of Illinois at Urbana-Champaign, the Mathematical Association 
of America, and the National Science Foundation. 

—Jeremy Tyson
Director,  Illinois Geometry Lab



Connecting Algebraic Geometry 
to Phylogenies via Singular Value 
Decomposition
Faculty Mentor: Dr. Ruth Davidson

Team Leader: Erin Molloy

Scholars: Wendi Chen, Sijia Huo, Pengzheng Zhang, Ruizhe Zhou
Phylogenies are mathematical models of the evolutionary history of a 
set of species. A method recently developed by Chifman and Kubatko in 
2014, called SVDquartets, uses algebraic geometry via the singular value 
decomposition to build a species phylogeny. Our group studied this method 
and evaluated it in detail. By manipulating and simulating biological data, 
we experimented with ways to boost the method by making compilation of 
code more efficient and reinforcing the robustness in approximations of the 
underlying probability distribution by flattening matrices.

The top image shows three possible unrooted trees which exist on 4 species: 
1, 2|3, 4; 1, 3|2, 4; 1, 4|2, 3. The tree on the left displays the quartet 1, 2|3, 4. 
The trees on the right represent the quartets used to count the empirical 
frequencies represented in the matrix in the bottom image. The bottom 
image is an empirical flattening matrix for the quartet 1, 2|3, 4. SVDquartets 
scores the empirical  flattening matrices by using the Frobenius norm to 3 
algebraic varieties containing  flattening matrices for each possible quartet 
on four species; these varieties correspond to 3 identifiable probability 
distributions under the Multi-Species Coalescent model of gene tree 
evolution within a species tree.



Quantum Mechanics for Graphs
and CW-Complexes
Faculty Mentor: Ivan Contreras

Team Leader: Sarah Loeb

Scholars: Zhe Hu, Michael Toriyama, Boyan Xu,  
Chengzheng Yu

We develop a discrete version of quantum mechanics based on a graph-
theoretic analogue of the Schrödinger equation. To a graph we associate a 
partition function, a discretization of the Feynman path integral which we 
use to count special types of paths and compute topological invariants. 
Moreover we apply this framework to model heat diffusion in metals and 
propagation of information in networks. 

Our ongoing work seeks to generalize these results to supersymmetric 
quantum theory on CW complexes and prove Morse inequalities, á la ideas 
of Witten.



Discrete Morse Theory, Vector Fields, 
and Materials Science
Faculty Mentors: Dr. Ruth Davidson, Dr. Rosemary Guzman

Team Leader: Nima Rasekh

Scholars: Chuan Du, Adarsh Manawa, Christopher Szul,  
Titan Wibowo
A key task of of data science is the ability to analyze big collections of data 
with the goal of understanding its behavior and possibly predicting patterns. 
Yet this type of inquiry traditionally requires a lot of experimental data, time, 
and financial resources. Discrete Morse Theory provides a toolkit for studying 
key qualitative properties of shapes. A team of Australian scientists has 
successfully applied this toolkit in order to extract information about digital 
images. We have adapted their ideas for use in the comparison of heat maps 
of certain data sets. Concretely, we applied these techniques to analyze water 
scarcity maps of certain countries (Kazakhstan) and are using it to predict 
water levels for the coming years.

                         (a) World Water Risk Variability                  (b) Kazakhstan Water Risk Variability

Figure 1: Open-Source Images obtained from the
Aqueduct Water Risk Analysis Atlas at http://bit.ly/2fEoU7Q

                  (a) Discrete Vector Field: Cell Complex                (b) Underlying Topology

Figure 2: Topological Image Compression via Discrete Morse Theory



Geometry of Generalized Fractal 
Triangles
Faculty Mentor: Jeremy Tyson

Team Leader: Fernando Yahdiel Roman-Garcia

Scholars: Yun Xie, Siyuan Dong, Ying Yin

Fractals are generated by starting with an initial shape and iterating a set of 
functions. The Cantor set, for example, is generated from a line segment by 
the process of “Removing the middle third.” For the Cantor set, the complexity 
is somehow between a finite set of points (0-dimensional) and a line segment 
(1-dimensional). Therefore we use two different definitions of dimension, box-
counting dimension and Hausdorff’s dimension, to analyze the complexity of 
a fractal.

In this project we focused on fractals obtained by starting with a triangle and 
iterating several affine functions. We used Python to display fractals whose 
initial shape and iterated functions can be set by users. Also we estimated 
box-counting dimension numerically using Python. We approximated the 
box-counting dimension by covering the fractal using grids with a decreasing 
sequence of sizes and counting the number of boxes which intersect the 
fractal. An animation can be found at http://youtu.be/F1cInfCQPWs.



Calculus, Geometry and Probability
in n Dimensions
Faculty Mentor: A.J.  Hildebrand

Team Leader: Matthew Romney

Scholars: Nicholas Brown, Ziyang Liu, Yanxuan Wang,  
Ruoyu Zhu

Our group studied game theoretic models of poker, focusing on von 
Neumann’s model and its generalizations. The model describes a two person 
poker game in which independently distributed hands are normalized to a 
value from 0 to 1. Von Neumann provided an optimal betting strategy and 
showed that bluffing can be mathematically justified. Based on this model, we 
created  an interactive visualization which geometrically represents payoffs for 
each player based on their hand strength and betting decisions.

We also analyzed a database of online poker games, curated by researchers at 
the University of Alberta. The database contains over ten million poker hands.



Randomness in Number Theory
Faculty Mentor: A.J. Hildebrand

Team Leader: Junxian Li

Scholars: Zhaodong Cai, Matthew Faust, Yuan Zhang

If you pick a Fibonacci number at random, what are the chances that it begins 
with a 1 (or a 2, or a 9)? Surprisingly, the answer is not 1/9 as one might 
expect. In fact, around 30.1% of Fibonacci numbers begin with a 1, about 
17.6% begin with a 2, and only around 4.6% begin with a 9. This peculiar 
first-digit distribution is known as Benford’s Law. It has been found to apply 
to mathematical sequences such as the powers of 2 and the factorials, as well 
as many real world data sets such as populations of world cities, masses of 
planets, and stock price indices.

In this ongoing project we investigate the first-digit distribution of 
mathematical sequences more closely, focusing in particular on the deviation 
from the Benford prediction. Our investigations have revealed interesting 
connections with other areas in number theory and surprising fractal-like 
patterns that have yet to be fully explained.



Complex dynamics and zeros of
derivatives
Faculty Mentor: Aimo Hinkkanen

Team Leader: Derek Jung

Scholars: Xipu Han, Diyu Luo, Jingyi Qu, Yunsi Wang,  
Xin Zhang
One can learn about a differentiable function f  by considering its associated 
Newton’s method function Nf (z) = z - f (z) / f ' (z). For example, in early 
Calculus classes, students use Newton’s method to accurately estimate 
zeros of f. When f  is a complex rational function, the zeros of f are attracting 
or superattracting fixed points of Nf . Moreover, each zero of f lies in a 
component of the Fatou set of Nf . In our project, we studied the complex 
dynamics of rational functions. We implemented efficient programs on 
MATLAB to visualize the Fatou and Julia sets of their associated Newton’s 
method functions. This enabled us to study the location of zeros of rational 
functions and of their derivatives. We made our pictures visually appealing 
by taking into account critical points of the given rational function and using 
various color schemes.



Optimization of Digital Business
through Analytics
Faculty Mentor:  Shu Li

External Consultant:  Nick Baier

Team Leaders:  Daan Michiels, Zhan Zhang

Scholars:  Chun Zhai, Bainian Hao, Mengxuan Lang,
Junyi Tang

In this project, we do data analysis for a Chicago internet startup. Besides 
understanding customers’ behavior on the web through analytics, we are 
seeking to maximize profit brought by advertising campaigns by optimizing 
various characteristics such as the budget of the campaign or the keywords 
used in the advertisement. The basis of our work is a multiple linear regression 
model to make predictions. Exploratory data analysis allows us to carefully 
pick the most relevant variables. Moreover, the data are not only numerical, 
but also categorical. One challenge is to incorporate these variables into 
the model in a sensible way without introducing too many dimensions. 
Our model will provide the company a profits prediction of advertising 
campaigns. It will also help make decisions to better allocate spending on 
advertisements.

t
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Traffic Patterns in New York City
Faculty Mentors:  Richard Sowers and Dan Work

Team Leaders:  Derrek Yager, Vaibhav Karve

Scholars:  Xinyu Liu, Yicheng Pu, Gabriel Shindnes, 
ZiyingWang, Yu Wu, Zeyu Wu, Dajun Xu

Throughout this semester we have been working on generalizing traffic 
trends in New York City using taxi-cab data accumulated over several years. 
We created a time series analysis from the data and this enabled us to 
generalize traffic trends over 50 signature patterns, with each signature telling 
a different story. 

With the various signatures we created, we can accurately pinpoint events 
that affected Manhattan traffic—ranging from natural disasters such as 
Hurricane Irene and Hurricane Sandy to an over-influx of drivers due to 
the government elections. During this project, we created several detailed 
interactive visualizations for better representing traffic on a map.



Iterations and the Golden Ratio
Faculty Mentor: Ken Stolarsky

Team Leader: Xianchang Meng

Scholars: Kun Bao, Adi Herwana, Qile Zhi

Iterations and the Golden Ratio
Faculty Mentor: Ken Stolarsky

Team Leader: Xianchang Meng

Scholars: Kun Bao, Adi Herwana, Qile Zhi
Our project is to study a system that is "between" base 10 arithmetic and
the continued fractions. For α > 1, let Tα(x) := αx if 0 ≤ x ≤ 1

α , and
Tα(x) := α

α−1x if 1
α < x ≤ 1. It is known that, for all x ∈Q(

√
5)∩ [0,1],

the sequence x, Tφ2(x), Tφ2(Tφ2(x)), Tφ2(Tφ2(Tφ2(x))), · · · will finally be

periodic, where φ = 1+
√

5
2 is the Golden ratio. We study the detailed

distribution of period lengths for certain values of x.

Let α > β ≥ 1. We propose the three-piece function: Sα,β (x) := αx if
0 ≤ x ≤ 1

α , Sα,β (x) := αβ
β−α x+ α

α−β if 1
α < x ≤ 1

β , and Sα,β (x) := β
β−1x

− 1
β−1 if 1

β < x ≤ 1. We show that, for α = φ 2 and β = φ , the iterates of

Sα,β (x) will finally be periodic for all x ∈Q(
√

5)∩ [0,1]. What’s more,

we have the same conclusion for 1) α =
√

2+1, β =
√

2+1
2 , and all x ∈

Q(
√

2)∩ [0,1], and 2) α =
√

3+1, β =
√

3+1
2 , and all x ∈Q(

√
3)∩ [0,1].

The left figure above shows the graph of Sα,β and its second and third
iterations when taking α = φ 2 and β = φ . Take x0 =

44−25φ
75 . When we

iterate Sφ2,φ(x0), all the values can be written in the form a+bφ
75 where

a,b ∈ Z. The right figure shows the path of (a,b) as a point in the plane.
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Polyhedral Geometry for Analyzing
Phylogenetic Methods
Faculty Mentors: Dr. Ruth Davidson, Dr. Rosemary Guzman

Team Leader: Michelle Delcourt

Scholars: Jingwen Bi, Yingying Ren, Jose Sanchez, Sihan Zha

Polyhedra are generalizations of polygons in arbitrary dimension. Phylogenies 
are mathematical models of the common evolutionary history of a group of 
species. Recently, polyhedra have been used to evaluate the accuracy and 
biases of methods for using biological data to construct phylogenies from a 
geometric point of view, leading to an explosion of important open problems.

In our project we focused on comparing distance measures between 
phylogenetic trees in Euclidean space and Billera-Holmes-Vogtmann (BHV) 
tree space. Due to the geometric differences between the spaces, each space 
has its own advantages and disadvantages depending on which trees we are 
comparing or which phylogenetic inference methods we are working with, 
but in BHV space we use software by M. Owen and J.S. Provan to calculate the 
geodesic distance between trees.

The link of the origin 
in BHV space for trees 
with two non-leaf 
edges is the Petersen 
graph

A paper model of the 
BHV space containing 
trees with two non-leaf 
edges

The vector representing this 
tree in ℝ    is (2:5,7,7.5,7.5,8,2.5); 
ℝ    is given coordinate labels 
(1,2),(1,3), (2,3), (1,4), (2,4), (3,4)

4
2( ) 

4
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Community Outreach
The Illinois Geometry Lab is dedicated to increasing the visibility and impact 
of mathematics through public engagement and community outreach.  Here 
are descriptions of two recent IGL outreach events

Summer Illinois Math Camp

In July 2016, the Department of Mathematics held the second Summer 
Illinois Mathematics (SIM) Camp—a mathematics day camp for high school 
students developed to encourage proficiency in mathematics and science 
by introducing students to proofs and applications of mathematics. Campers 
are encouraged to view mathematics as a broader and more interesting 
subject than just formula memorization. Showing students some of the ways 
mathematicians approach problems, helps to encourage them to continue 
studying mathematics beyond the high school level.

The department was able to run two 
camps this year, with 40 middle and 
high school students coming from 
the Champaign-Urbana area and 
surrounding counties. During the first 
camp, students learned how modular 
arithmetic and frequency analysis can 
be used in making and breaking codes, 
and learned about topological surfaces 
by playing games such as tic-tac-toe and 
Battleship on a torus and Klein bottle. 
During the second camp, students 
explored non-euclidean geometry 
by crafting their own tessellations 
of the sphere and hyperbolic disk, 
contemplated the meaning of 
mathematical proof, exploring induction 
and contradiction, and learned about 

mathematical biology by looking at SI and SIR models of diseases and using 
games to help visualize disease outbreaks.

SIM Camp is made possible with funding from the Office of Public 
Engagement, the Department of Mathematics and Illinois Geometry Lab at 
the University of Illinois at Urbana-Champaign, the Mathematical Association 
of America, and the National Science Foundation.



Sonia Math Day

In November 2016, the University of Illinois chapter of the Association for 
Women in Mathematics’ (AWM) hosted their seventh Sonia Math Day for 
8th‐12th grade girls. This fun filled day was packed with activities, lunch, 
shirts, and mathematical prizes. 

The theme “Logic in Wonderland” 
introduced the participants to 
mathematical logic. In one session 
students pondered ‘Is Alice a snake?’ and 
learned to use propositional logic. In 
another session the girls took ‘an infinite 
stroll through Wonderland’ to explore 
cardinality and the infinite, concluding 
the mini-lecture with a demonstration of 
Cantor’s diagonalization argument.

The day concluded with the Queen’s 
tea party, where the students solved 
the mystery of ‘Who stole the tarts?’  In 
small groups, the girls visited booths 
staffed by Wonderland characters. At 
each stop they had to solve a logic riddle 
and in exchange received a clue. After 
visiting each station, they had enough 
information to complete a logic puzzle. 

Sonia Math Day encourages high 
school girls to consider pursuing higher 
education in math and science and is 
made possible with support from the 
Department of Mathematics and Illinois Geometry Lab at the University of 
Illinois at Urbana-Champaign, and the National Science Foundation.

Schedule an outreach activity
For information on how to schedule an IGL outreach activity for your school or 
organization, please contact igl@math.uiuc.edu. 



Recent publications and presentations
Publications

1. L. Schaposnik and J. Li, Interface control and snow crystal growth, Phys. Rev. E, 
vol. 93, no. 2 (2016), 023302.

Based on work conducted for Laura Schaposnik’s Spring 2014 IGL project 
Symmetries in Nature. Jessica Li was a high school student who participated 
remotely in this IGL project through the MIT-PRIMES program. 

2. J. Hempstead, Apollonian Circle Packings and the Riemann Hypothesis, Rose-
Hulman Undergraduate Mathematics Journal, vol. 16, no. 2 (2015), 215-224. 

Based on work conducted for Jayadev Athreya’s Spring 2013 IGL project 
Apollonian Circle Packing Density. 

3. E.M. Duarte Gelvez and G.K. Francis, Stability of  Quasicrystal Frameworks in 
2D and 3D, Proc. of the First Conference on Transformables 2013 in honor of 
Emilio Perez Piñero, 18-20 Sept. 2013, School of Architecture, Seville, Spain. 
Editorial Starbooks. F. Escrig and J. Sanchez, eds.

Based on work conducted for George Francis’ Spring 2014 IGL project Stability of 
Quasicrystalline Frameworks.

Presentations

1. Cameron Dart, Zesheng Wang and Tyler Mulick, Learning Tools for Linear 
Algebra, talk at the Design Center Lightning Symposium, I-Hotel, Apr. 29, 2016.

2. Vivek Kaushik, Aubrey Laskowski and Yukun Tan, Paradoxes of Voting: From 
Lincoln’s Presidential Election to College Football Polls, 50 minute talk at the 
Department of Mathematics Student Graduate Geometry and Topology 
Seminar, Univ of Illinois at  U-C, Apr. 29, 2016.

3. Vivek Kaushik, Aubrey Laskowski and Yukun Tan, Paradoxes of Voting: From 
Lincoln’s Presidential Election to College Football Polls, 20 minute talk at the 
Rose-Hulman Undergraduate Mathematics Conference, Terre Haute, IN, Apr. 
22-23, 2016.



About the Illinois Geometry Lab
The Illinois Geometry Lab is a facility in the Department of Mathematics at the 
University of Illinois focusing on mathematical visualization and community 
engagement.

At the lab undergraduate students work closely with graduate students 
and postdocs on visualization projects set forth by faculty members. In 
the community engagement component of the lab, IGL members bring 
mathematics to the community through school visits and other activities.

The IGL is affiliated with Geometry Labs United (GLU), the parent organization 
of a group of research labs hosted in mathematics departments around the 
country. The mission of GLU is to promote undergraduate mathematics research 
and public and community engagement. Other labs currently affiliated with 
GLU include the Experimental Geometry Lab (EGL) at the University of Maryland, 
the Mason Experimental Geometry Lab (MEGL) at George Mason University, the 
Experimental Algebra and Geometry Lab (EAGL) at the University of Texas Pan-
American, and the Mathematical Computing Laboratory (MCL) at the University 
of Illinois at Chicago.  

To schedule an IGL activity with your group, contact the IGL outreach 
manager at igl@math.uiuc.edu. 

Joining the Illinois Geometry Lab
We invite all undergraduate students to apply. Some familiarity with 
programming and completion of multivariable calculus are recommended, 
but prerequisites vary by project.

For additional information on joining the lab, visit
www.math.illinois.edu/igl/join.htm.



Illinois Geometry Lab  
121 Altgeld Hall

Department of Mathematics 
University of Illinois at Urbana-Champaign

1409 W. Green Street, Urbana, IL 61801

www.math.illinois.edu/igl   •   email: igl@math.uiuc.edu


