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Message from the Director
The past six months have seen big changes in the Illinois Geometry
Lab. Most notably, the lab has a new leadership team: I have
assumed the position of Director, and the lab has a new Assistant
Director, Rosemary Guzman.
The IGL’s research and outreach activities continue to thrive. This
fall’s diverse group of research projects included graphics of complex
dynamical systems, nonlinear oscillator models in theoretical
neuroscience, and digital image compression. Several project teams
created interactive modules for use in linear algebra courses.
On the public engagement side, the lab also had a busy fall. We
continued to hold workshops and in-school events both locally and
state-wide. Our partnership with ChiPrep, the Chicago Pre-College
Science and Engineering Program, included an on-campus event
held jointly with the College of Engineering. We’re grateful to all
the dedicated students who helped to make this event a success.
The inaugural Geometry Labs United conference, held in August
2015, brought together members of geometry labs across the
country to exchange successful models for undergraduate research
and public engagement. A very heartfelt thank you is due to the
Department of Mathematics for its generous support, and to all of
the faculty and student volunteers for their time and effort.
In 2016 the IGL will celebrate its five year anniversary. Although
all of the lab’s original leaders have moved on, the IGL continues
to thrive and to showcase a vision for undergraduate research and
community engagement. I’d like to extend special thanks to my
predecessor, Jayadev Athreya, and to all of those individuals whose
hard work during the IGL’s formative years has been instrumental
in its ongoing success.
—Jeremy Tyson
Director Illinois Geometry Lab

Graphics in complex dynamics
Faculty Mentor: Aimo Hinkkanen
Team Leader: Benjamin Wright
Scholars: Jenny Srikant, Julie Wang, Haoqi Yao
Our group studied rational maps in complex dynamics. This project
has the specific focus of finding efficient algorithms for visualizing
Julia and Fatou sets, and producing aesthetically pleasing images
based on the behavior of points in the complex plane under
iteration of rational maps.
In addition, we implemented both a forward and a backward
iteration algorithm to produce colorful images illustrating various
characteristics of the dynamics of functions and compared the running
time and efficiency of these two methods of depicting Julia sets.

Interacting Particles
Faculty Mentor: Kenneth B. Stolarsky
Team Leader: K. Paulina Koutsaki
Scholars: Andrew Lei, Can Liu, FanWu, TianhaoWu
The interaction of particles on a given curve, such as an ellipse
or rectangle, has been studied by mathematicians for many years.
Using numerical methods, we found that the center of mass of
three points on an ellipse that divide the perimeter into equal arc
lengths is a smaller ellipse with the same shape as the initial one
(Figure 1). In fact, we can prove that the same phenomenon occurs
for the square. Finally, we have made some progress in finding
the maximum product of distances between three particles on an
ellipse, as shown in Figure 2.

Figure 1: Trajectory of center of mass.

Figure 2: Maximising
configurations for
ellipse of varying minor
axis length.

A Survey in Polynomial Complexity
Faculty Mentors: John P. D’Angelo and Ming Xiao
Team Leader: Sepideh Rezvani
Scholars: Matthew Faust, Lawrence Qing Ma, Yiming Peng,
Ruoyun Sun
In this project we study the complexity of polynomials, a topic
related to Hilbert’s thirteenth problem. A function of the form
f (g (x) + h (y)), where f, g, h are polynomials, is said to have
complexity level 1. Inductively, a function f (g (x, y)) + h (x, y)),
where both g and h have complexity level n (n ≥ 1), is defined
to have complexity level n + 1. We are interested in finding the
minimal complexity level of a polynomial p, which is defined to
be comp(p) = inf{n : p = f (x, y), f has complexity level n}. We
prove a universal upper bound: comp(p) ≤ n for p of degree n.
The proof also suggests an algorithm to find the exact value of
comp(p). For high degree polynomials, i.e. deg(p) = n, n large
enough, we conjecture that comp(p) = O(log2 n).
The following picture shows the layers of complexity of a
polynomial f (g (x, y)) + h (x, y)) which has complexity level 3.
The green and the blue segments represent g and h, which are
of complexity level 2.

Randomness in Number Theory
Faculty Mentor: A.J. Hildebrand
Team Leader: Junxian Li
Scholars: Zhaodong Cai, Yewen Fan, Kevin Kwan, Yuda Wang
If you pick a Fibonacci number at random, what are the chances
that it begins with a 1 (or a 2, or a 9)? Surprisingly, the answer is
not 1/9 as one might expect. In fact, around 30.1% of Fibonacci
numbers begin with a 1, about 17.6% begin with a 2, and only
around 4.6% begin with a 9.
This peculiar first-digit distribution is known as Benford’s Law.
It has been found to apply to mathematical sequences such as the
powers of 2 and the factorials, as well as many real world data sets
such as populations of world cities, masses of planets, and stock
price indices.
In this project we investigated the first-digit distribution of
mathematical sequences more closely, focusing in particular on the
degree of global and local “randomness” in the sequences of first
digits. Our investigations have revealed interesting connections
with other areas in number theory, and surprising fractal-like
patterns that have yet to be fully explained.

Calculus, Geometry, and Probability
in n Dimensions
Faculty Mentor: A.J. Hildebrand
Team Leader: Matthew Romney
Scholars: Daoyu Duan, Zelin Li, Yukun Tan, Mengzhou Tang
This semester we focused on the geometry of voting. Consider an
election in which voters rank each of three candidates A, B, C by
order of preference. Can different voting methods give different
winners?
A handy way to visualize this problem is using a Saari triangle.
The three vertices represent the three candidates, and the outcome
of the election is represented as a point in the triangle. A plurality
method is where each voter’s first-ranked candidate receives one
point. The Borda count assigns two points to a voter’s first-ranked
candidate and one point to the second-ranked candidate. These
(and other) methods often give different winners: in the image
below, A is the plurality winner (the red point), while B is the
Borda count winner (the green point).

Plasticity and Synchrony for
Coupled Oscillators
Faculty Mentors: Jared Bronski and Lee DeVille
Team Leader: Yanyi Mei
Scholars: Yizhang He, Xinye Li, Yue Liu, Danielle Sponseller
This project focuses on modeling the firing and synchronization of
neurons, which can be described by the Kuramoto model:
dθi
— = ωi + ∑ γij sin (θj − θi)
j
dt
Where ωi is natural frequency of oscillators, γij is the constant and
identical coupling weights.
Our goal is to allow the coupling coefficients to evolve over time
in response to the firing rates and study the change of the stable
region. This is illustrated in the below left figure.
In addition to the stable region of the system, we are interested in
understanding the locations of fixed points, where the angles remain
constant, and the linearization of the system around these fixed
points. The locus of fixed points is depicted in the figure at right.

Applications of Linear Algebra:
Singular Value Decomposition
Faculty Mentor: Philipp Hieronymi
Team Leader: George Shakan
Scholars: Zehua Pan, Mingrui Zhang, Zhen Zuo
Singular Value Decomposition is a useful process in linear algebra.
We use this method to compress pictures. The content of this
project will be also used in future linear algebra classes at the
University of Illinois.
We can consider a photo as a matrix with three values (RGB) for
each pixel. In linear algebra, the singular value decomposition
allows us to decompose one matrix into the product of three
matrices. The second matrix of the product is a diagonal matrix.
We can eliminate some entries with small magnitude while keeping
the whole product matrix almost the same as the original one. As a
result, our compressed picture looks nearly the same while we use
less storage space.

Applications of Linear Algebra:
PageRank Algorithm
Faculty Mentor: Philipp Hieronymi
Team Leader: Allen Gehret
Scholars: Yao Huang, Yuyuan Lou, Michelle Seat, Chu Wang
Modern search engines employ methods of ranking the results
to provide the “best” results first that are more elaborate than
just plain text ranking. One of the most known and influential
algorithms for computing the relevance of web pages is the
PageRank algorithm used by the Google search engine. The idea
that PageRank brought up was that, the importance of any web
page can be judged by looking at the pages that link to it.
We can use Linear Algebra to calculate the importance of any web
page. For example, using matrices, eigenvalues and eigenvectors,
we find that in the figure below that Page 3 is the most important,
Pages 1 and 4 tie for second place, and Page 2 is the least important.
Our goal for this project is to develop pedagogical tools, primarily
in Python, that will enable linear algebra students to experiment and
play around with the PageRank algorithm to make it easier to learn.

Untangling Curves and Quantifying
Primitivity
Faculty Mentor: Ilya Kapovich
Team Leader: Neha Gupta
Scholars: Michael Abir, Haidong Gong, Yuxuan Zhang,
Wenjie Zhu
Imagine your two year old daughter getting your ear-phones
tangled around a doughnut with two holes (this can certainly
happen)! Our goal is to figure out how “big” a doughnut needs to
be in order for you to successfully untangle your ear phones.
The field of Geometric Group Theory provides the tools required
for answering such fascinating questions. It beautifully exploits
the interplay between geometry, topology, groups, dynamics, and
combinatorics. Our approach to answer this “geometric question”
is to instead quantify certain algebraic fucntions for free groups.
The tools provided by geometric group theory then allow our free
group bounds to carry over to our geometric question. We quantify
these algebraic functions using certain random graphs. We use the
geometry of these graphs and some probability theory to draw our
conclusions.

Community Involvement
The Illinois Geometry Lab is dedicated to increasing the
visibility and impact of mathematics through public engagement
and community outreach. In Summer 2015 members of the
IGL Graduate Leadership Team developed and conducted the
department’s first week-long summer math day camp for high
school students. The Summer Illinois Math (SIM) Camp, held in
early August, introduced students to proofs and applications of
math in areas of research such as algebraic topology and number
theory. IGL members also participated in other summer camps,
both local and regional. At the Girls Only Summer Camp at
Richland Community College in Decatur, IGL members taught
classes on origami, engineering and geometry.
The IGL’s ongoing partnership with ChiPrep, the Chicago PreCollege Science and Engineering Program, entered a new and
exciting phase in Fall 2015, when the College of Engineering at
Illinois joined the collaboration. In November the IGL and the
Physics Department collaborated to host a large group of 5th, 6th
and 7th grade ChiPrep students on the University of Illinois campus.
The IGL’s busy outreach schedule in Fall 2015 saw several
weekends with IGL members traveling to multiple different
locations on the same date. Fall activities included Saturday math
workshops for kids and Science at the Market. As usual, the lab
continued to offer outreach activities for classes at local elementary
schools.
For information on how to
schedule an IGL outreach
activity for your school or
organization, please contact
igl@math.uiuc.edu.

National geometry lab conference showcases
outreach and undergraduate research
Faculty, graduate students and undergraduates from nine U.S.
states, Puerto Rico and three European countries, representing a
total of fifteen universities, participated in the inaugural Geometry
Labs United conference held August 28-30, 2015, in Altgeld Hall
on the University of Illinois at Urbana-Champaign campus.
Public lectures were given by Hugo Parlier (University of Fribourg,
Switzerland), Saul Schleimer (University of Warwick, U.K.),
and Henry Segerman (Oklahoma State University). Segerman,
a research mathematician and a well-recognized mathematical
artist, gave an engaging talk on visualization of high-dimensional
geometric objects via projection and animation.
Attendees participated in an animated and interactive poster
presentation with 12 different teams presenting posters describing
their work on a variety of research projects, including statistical tests
for randomness, complexity theory and Turing machines, dynamics
of free group morphisms, and video games on Riemannian surfaces.
Outreach demonstrations for local schoolkids, separate panel
discussions for faculty and undergraduate students, and a panel
discussion on 3D printing technology rounded out the conference.
The conference was supported by the National Science Foundation
and the Department of Mathematics at the University of Illinois at
Urbana-Champaign.

About the Illinois Geometry Lab
The Illinois Geometry Lab is a facility in the Department of
Mathematics at the University of Illinois focusing on mathematical
visualization and community engagement.
At the lab undergraduate students work closely with graduate
students and postdocs on visualization projects set forth by faculty
members. In the community engagement component of the lab,
IGL members bring mathematics to the community through school
visits and other activities.
The IGL is affiliated with Geometry Labs United (GLU), the parent
organization of a group of research labs hosted in mathematics
departments around the country. The mission of GLU is to promote
undergraduate mathematics research and public and community
engagement. Other labs currently affiliated with GLU include the
Experimental Geometry Lab (EGL) at the University of Maryland,
the Mason Experimental Geometry Lab (MEGL) at George Mason
University, the Experimental Algebra and Geometry Lab (EAGL)
at the University of Texas Pan-American, and the Mathematical
Computing Laboratory (MCL) at the University of Illinois at Chicago.
To schedule an IGL activity with your group, contact the IGL
outreach manager at igl@math.uiuc.edu

Joining the Illinois Geometry Lab
We invite all undergraduate students to apply. Some familiarity
with programming and completion of multivariable calculus are
recommended, but prerequisites vary by project.
For additional information on joining the lab, viist
www.math.illinois.edu/igl/join.htm.
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