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A list of IGL projects running in Fall 2013 will be available in
late summer. We invite all undergraduate students to apply. Some
familiarity with programming and completion of multivariable
calculus are recommended, but prerequisites vary by project.
For additional information on joining the lab, visit

Joining the Illinois Geometry Lab

The Illinois Geometry Lab is a facility at the Department of
Mathematics at the University of Illinois focusing on
mathematical visualization and community engagement.
At the lab, undergraduate students work closely with graduate
students and postdocs on visualization projects set forth by
faculty members. In the community engagement component of
the lab, IGL members bring mathematics to the community
through school visits and other activities.
To schedule an IGL activity with your group, contact the IGL
outreach manager at igl-outreach@math.uiuc.edu.
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Continuing Events
IGL members Allison Rogala and Maggie Witkowski
continued their work with Tap In Leadership Academy. They
developed new activities for a two week enrichment series
introducing high school students to advanced topics in polyhedral
geometry such as categorizing solids by invariants. We
welcomed back Countryside School with an activity on scaling,
volume, and tiling. This summer will mark our second summer
representing the "Science at the Market" at the Urbana Farmer’s
Market demonstrating student projects and 3D printing
technology on July 6 and August 3.

New Partnerships
The IGL forged a number of new partnerships this semester.
The end of the semester will be our first Open House for high
school students competing in the ICTM State Math Contest, our
first collaboration with the Sofia Kovalevskaya Day at U of I for
high school students, and our first program for the
Champaign-Urbana Schools Foundation Freshman Focus. We are
very excited to work with these partners to provide hands-on
activities for an entirely new network of local and not so local
high school students. We also welcome a new school to the lab
with a field trip from the University Primary School. These
students will explore a hands-on activity and tour both the Math
Library and Bell Tower in Altgeld Hall.

New Events
This semester saw the launch of a series of tutorials open to the
public that focus on technological and career specific skills. In
March, the IGL held an open house during the Engineering Open
House, and IGL Scholars Ananya Uppal and Abby Turner
represented the IGL at the session on research opportunities for
undergraduates at the LAS Open House. April 2013 marked
IGL’s first involvement with Leal Science Night where IGL
members showed elementary school students the uses of 3D
printing in cutting edge research and provided activities based on
active research.

Community Involvement

—Jayadev Athreya

As we wind up the 2012-13 academic year, it’s a great time to
reflect on the amazing progress that the Illinois Geometry Lab
(IGL) has made. We’ve expanded our research and outreach
activities, and both our members and the lab itself have received
significant external recognition.
In our latest semester we had more than 35 undergraduate
members working on 12 research projects, ranging from the
design of batteries, random walks arising from number theory, to
the geometry of space-time, to name just a few.
Our outreach activities have also grown significantly as we’ve
built on existing partnerships and forged new ones with local
schools and organizations. Within the university, we’ve
participated in open houses through the Engineering and LAS
colleges, and in the Undergraduate Research Symposium, in
addition to hosting our own open houses. Many of these activities
are being supported by a grant we’ve received from the Office of
Public Engagement.
We’re also continuing to build the IGL as a community with
our weekly lunches and now a new seminar series on
computational and professional development skills.
Our students are being widely recognized for their research and
presentation efforts. Eight IGL members attended a conference at
the Rose-Hulman Institute of Technology (one of the oldest and
most prestigious undergraduate research meetings), giving five
talks on research resulting from IGL projects. Luvsandondov
Lkhamsuren, a member of A.J. Hildebrand’s IGL team
“Adventures with n-dimensional integrals”, won the Best
Presentation Competition!
Of course, none of this would be possible without a dedicated
leadership team, supportive faculty members and graduate team
leaders, the wonderful support IGL receives from the Department
of Mathematics, and most importantly, the undergraduate student
members who make it all happen.
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Undergraduate Conferences

• Texas Undergraduate Geometry Conference, Feb. 22-24,
Austin, TX - 3 IGL projects gave 20 min talks

– Random points, broken sticks and triangles, Lingyi Kong
– Intersecting cylinders in higher dimensions, Abigail
Turner and Ananya Uppal
– Animations, Transformations and Fractals, Nishant
Nangia

• UI Undergraduate Research Symposium, Apr. 18,
Champaign-Urbana, IL - 5 IGL projects presented posters

– Does There Exist a Non-Smooth Extremal?, Jacqueline
Mentzel, Miaozhi Yu, Yuhao Zhu
– Intersecting Cylinders: From Archimedes and Zu
Chongzhi to Steinmetz and Beyond, Abigail Turner and
Ananya Uppal
– Do Numbers Play Dice? Visualizing Order and Chaos in
Number Theory Through Random Walks, Yiwang Chen,
Natawut Monaikul, Tong Zhang
– Random Points, Broken Sticks, and Triangles, Lingyi
Kong, Luvsandondov Lkhamsuren, Abigail Turner,
Ananya Uppal
– An Alternative to JPEG, Moon Lee

• Rose-Hulman Undergraduate Mathematics Conference,
Apr. 19-20, Terre Haute, IN - 4 IGL teams gave 20 min talks

– Intersecting Cylinders: From Archimedes and Zu
Chongzhi to Steinmetz and Beyond, Ananya Uppal
– Do Numbers Play Dice? Visualizing Order and Chaos in
Number Theory Through Random Walks, Natawut
Monaikul
– Creative Blocking, Daniel Hirsburnner, Moon Lee, Maxim
Sigalov
– Spherical Geometry in Space-Time, Brian Freidin and
Robert Halliday

4ABC ∈τ
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f (A) + f (B) + f (C)
area(4ABC ).
3

T

We studied ways of finding the triangulation that minimizes the
error between the approximation and the actual integral. The best
we found so far is to start with a regular triangulation defined in
some canonical way and then to evolve the triangulation by
descending along the gradient of the error function.
This method is better than the greedy recursive division
algorithm which we initially tried. This method for the example
below, f = x4 + x2y2 + y3, produced 16% better errors than
simple regular triangulation. Presumably, for functions that have
larger second order derivatives the error improvement should be
much better.

is

Give a triangulation τ of T into N triangle, the trapezoid
approximation of
Z Z
f (x, y)dx dy

Scholars: Yuan Feng, Wentain Huang, Shunzhe Yao

Team Leader: Daniel Schultz

Faculty Mentor: Joseph Rosenblatt

Optimal Approximation of
Surfaces
In regular spaces with a notion of distance, geodesics are locally
distance minimizing paths. In smooth spaces, they satisfy a
differential equation. One can define geodesics in spacetimes
using an analogous differential equation, but they no longer have
an interpretation in terms of distance. We create computer
visualizations of geodesics on surfaces of revolution imbedded in
3D Minkowski space and use this to study how curvature bounds
on the surface affect the behavior of geodesics.

Scholars: Brian Freidin, Rob Halliday, Yifei Li,
Richard Yoon

Team Leader: Bill Karr

Faculty Mentor: Stephanie Alexander

Minkowski Space

Apollonian Circle Packing
Density
Faculty Mentor: Jayadev Athreya
Team Leader: Joseph Vandehey
Scholars: Jason Hempstead, Danni Sun
An Apollonian Sphere Packing is a collection of spheres. To
construct a packing, we first consider a collection of four
mutually tangent spheres. There are always two spheres that are
tangent to all four original spheres, a small one nested in the gap
between the spheres and a large one which wraps around the
outside. We add these two to our collection. Then we pick
another four mutually tangent spheres from our collection of six
and repeat. Iterating this procedure over and over, we create an
Apollonian Sphere Packing. This semester, we focused on the 3D
Farey-Ford Sphere Packing, where two of the “spheres” are the
planes z=0 and z=1. We use a generalized Möbius transform to
construct this packing in Mathematica (as in the picture).
Suppose we cut through this packing with a horizontal plane at
height h above the z = 0 plane and color the intersection as in the
picture. If we measure the ratio between the area of the
intersection and the appropriate part of the intersecting plane,
then, as h approaches 0, this area ratio should approach some
limit. We estimate the limit to be ≈ 0.855.

Creative Blocking II

Faculty Mentor: Bruce Reznick

Team Leader: Ilkyoo Choi

Scholars: Jeremy DeJournett, Moon Lee,
Maxim Sigalov

Let P be a n-vertex closed polygon with the usual
counterclockwise orientation. Erect squares on each edge and
connect the nearby corners of the outer edges of the squares to
create a new polygon T (p) with 2n vertices and 2n edges; half
the edges are the edges of the original polygon p.
If v and w are consecutive edges in a polygon p, then v,
i(v − w), w are consecutive edges in the new polygon T (p). Thus
the way to think about this is to write the

 pair(v, w)as a column
i −i
1 0
.
and
vector, and multiply it by the matrices
0 1
i −i
This procedure makes it possible to continue iterating the
construction, even when it becomes non-convex (as it must no
later than the third stage). It also happens that the group
generated by these two matrices has order 96. Thus the
dimensions of the nth iterate grow at most linearly in n, whereas
the number of sides grows exponentially.
We investigate the relationship among the perimeters of the
iterates of a fixed polygon p. We show that the perimeters satisfy
a certain recurrence, and moreover, we can generalize to other
functions on the edges of p. In particular, given a polygon with
three points, we determine what the growth rate of the perimeter
is depending on the shape of the polygon.
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A lithium-ion battery charges as lithium ions flowing from the
anode to the cathode of the battery bind to buffers in the
electrode. Once there is a high enough concentration of lithium
ions bound to the tin cells, the battery is fully charged.
We are interested in finding an optimal distribution of buffers to
minimize the time it takes to charge the battery. To do this, we
created a model of the flow of lithium-ions through a
cross-section of the cathode of the battery. This cross-section is
represented as a grid and it’s dual graph where each section of the
grid is a node in the graph.
We perform iterations of lithium flow (in which 1 unit of
lithium moves one unit of the grid) through the battery until the
cumulative charge of the buffers is 95% of the total capacity of
buffers in the battery. In order to minimize the charge time of the
battery, we need to minimize the number of iterations.
Our research this semester has focused on testing all possible
configurations of buffers in the battery. This is a brute force
strategy and we have utilized the Campus Cluster in order to
cover all the configurations. Below we have two sample
configurations, one a spiral and the other a random distribution of
buffers. Both configurations have a 50% density of buffers. The
images show the initial configuration of the buffers, and also the
concentration of lithium throughout the battery at 95% charged.

Scholars: Justin Faber, Keshav Regmi,
Anthony Yunker

Scholars: Rachel Poe, J.D. Quigley, Licong Yu

The goal of our project is to use a genetic algorithm to produce
first examples of SL(3, C) character equivalent words in F2. The
idea is to generate thousands of very long words and compute
their characters and keep those ones which are close to being
character equivalent and then produce a better generation by
combining and mutating the words obtained in the first
generation. This requires a great amount of processing power
which can be solved by parallel programming and using the
campus cluster. An element of a free group F2 of rank 2 is a word
w in {a, b, a−1, b−1} where no two consecutive letters in w are
inverses of each other. A representation of F2 on SL(3, C) is a
homomorphism from F2 to SL(2, C) which amounts to assigning
a matrix A to letter a, and another matrix B to letter b. For
example, the image of w = abba−1b−1a is the product matrix
W = ABBA−1B−1A. A character of a word w is the trace of the
corresponding matrix W . Two words w1, w2 are called character
equivalent if for every pair of matrices A and B we have
tr(W1) = tr(W2).

Team Leaders: Anton Lukyanenko and Grace Work

Faculty Mentor: Jayadev Athreya

Lithium Batteries: Structure
and Efficiency

Team Leader: Caglar Uyanik

Faculty Mentor: Ilya Kapovich

In Search of SL(3, C)
Character Equivalence
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Faculty Mentor: A.J. Hildebrand

Adventures with n-dimensional
Integrals

Faculty Mentor: Yuliy Baryshnikov

Do There Exist Non-Smooth
Extremals?
Team Leader: Victoria Blumen

This project is part of a broader program to seek out and explore
interesting new or little known applications of n-dimensional
integrals. This year we focused on two such applications, each
motivated by a well-known classical problem. The first of these
problems is the volume of the “Steinmetz solid”, the region of
intersection of three pairwise perpendicular cylinders of unit
radius depicted in the figure below. We introduced appropriate
notions of Steinmetz solids in higher dimensions and obtained
exact formulas for the volume of higher-dimensional Steinmetz
solids with up to five pairwise perpendicular cylinders.
The second problem is the “Broken Stick Problem”, which asks
for the probability that the three pieces obtained by breaking up a
stick at two randomly chosen points can form a triangle. In our
project we explored analogous questions for broken sticks with
an arbitrary number of pieces.
Members of our team have given talks on this work at
conferences at the University of Texas at Austin and the
Rose-Hulman Institute of Technology, and the entire team
participated at the University of Illinois Undergraduate Research
Symposium with two poster presentations. We also engaged in a
variety of outreach activities, including visits to local middle and
high schools, and participation in the University of Illinois Public
Engagement Symposium.

Scholars: Lingyi Kong, Abby Turner,
Luvsandondov Lkhamsuren, Ananya Uppal

Scholars: Jacqueline Mentzel, Miaozhi Yu, Yuhao Zhu
Many people believe that the shortest path between two points is
smooth, yet this may not always be the case. Our project focuses
on finding some hints illustrating this idea. Using a set of
differential equations, we are exploring a variety of solutions in
order to find the shortest, non-straight and non-curved path
between two points. In other words, we are looking for a path
which is non-smooth, such as a corner of a square which consists
of two lines meeting at a point. These equations are as follows:
x(t) = v(t),
y(t) = u(t)
v(t) = F(x, y)u(t),
u(t) = −F(x, y)v(t)
F(x, y) = y(y − xε)

By construction we have a non-smooth solution called the
baseline trajectory of length two. By drawing a line of length one
from the origin to the starting point and another line of length one
from the origin to the ending point, we have a non-smooth path
of length two for comparison. If we can produce a solution to the
given set of equations with a length greater than that of the
baseline trajectory, then the optimal path would be the baseline
trajectory itself. We plan on doing this through an exploration of
varying values of epsilon. As a result we will have found one
example of a non-smooth optimal path between two points,
which we refer to as a non-smooth extremal.

Many properties of the natural numbers can be encoded as
sequences of 1’s and −1’s. On the surface, such sequences often
show no obvious pattern and indeed seem to behave much like
sequences generated by true random experiments such as coin
tosses. In this project we seek to obtain a deeper understanding of
the behavior of such sequences via certain “random walks” in the
plane formed with these sequences. These random walks provide
a natural way to visualize the degree of randomness inherent in a
sequence and to detect, and possibly explain, hidden patterns, but
they can also open up new mysteries that defy explanation.
In Spring 2013, we focused on a particular class of such
random walks, defined in terms of the expansions of integers in a
given base. These random walks exhibit particularly interesting,
and intriguing, features. To quantify the degree of randomness in
such random walks, we measured their rates of growth and
compared them to that of a true random walk. Through this, we
found a significant disparity that demonstrates a not-so-random
behavior in our random walks.
Our team presented their work at a conference at the
Rose-Hulman Institute of Technology and at the University of
Illinois Undergraduate Research Symposium.

Scholars: Yiwang Chen, Natawat Monaikul,
Tong Zhang

Team Leader: M.Tip Phaovibul

Faculty Mentor: A.J. Hildebrand

Number Theoretic Random
Walks
When we talk about knots, we mean a closed curve in three
dimensions that doesn’t intersect itself. More simply, a knot can
be imagined as what one would get by taking a piece of string and
intertwining it around itself and finally taping the ends together.
Now, imagine laying this knot flat and looking at it head on. We
would see places where the string goes over or under itself. These
are called crossings and the picture of the knot in this view is the
knot diagram. If we try untangling this knot without cutting the
string, we might end up with a different knot diagram (perhaps
with more or less crossings), but since we left the string intact,
we still have the same knot we started with. The crossing number
of the knot is the smallest number of crossings a knot diagram of
this knot can have. There may be many different knots with the
same crossing number and in fact, the number of different knots
of a given crossing number grows so rapidly that for only 17
crossings, there are millions of different knots. For this reason,
generating different knots for higher crossing numbers explicitly
becomes computationally infeasible. Our project explored ways
of generating high crossing knots randomly and studying various
properties these knots have using the software called SnapPy.

Scholars: Shiladitya Bhattacharyya,
Alexander Ehrenberg, Dongming Lei

Team Leader: Nathan Fieldsteel

Faculty Mentor: Nathan Dunfield

Properties of Random Knots

Stability of QuasiCrystals
Faculty Mentor: George Francis
Team Leader: Eliana Duarte
Scholars: Alexandria Burnley, Chong Han
The rigidity of structures is a problem that concerns architects
and engineers. Our project is concerned with the rigidity of 3D
quasicrystal framings. Tony Robbin is a mathematical artist that
has constructed 3D quasicrystals framings. He has made these
framings rigid by placing plates in the faces of the rhombohedra
in the quasicrystal. The goal of our project is to find the
minimum number of plates needed to make a quasicrystal
structure rigid and where to put them.
While we have yet to answer this problem in the 3D case, we
have studied the solution for the 2D case given by engineer Ture
Wester. In this case we look at a Penrose framework that comes
from a quasicrystal. Wester’s solution allows us to find the
minimum number of rhombi to make the 2D framework rigid.
We believe that a modified version of his theorem may solve our
3D problem.
Another part of our project has been making our research
accessible and interactive. While working on Wester’s theorem
and the 3D problem, we have found it very beneficial to construct
and play with 3D and 2D models. Playing with the 2D model of a
Penrose tiling has been so much fun we developed a
corresponding game. We have also developed 2 computer
programs. The first displays a rotating 3D quasicrystal
framework. The second program allows interactive
manipulations of the 2D Penrose framework so users can further
understand the proof behind Wester’s theorem.

Documentation of
Mathematical Models
Mentor: Wendy Harris

Scholars: David Chatman, Yuxi He

In the spring semester we have continued to identify as many
mathematical models as possible from the University of Illinois
collection. Our database now consists of 355 images of plaster,
paper, metal, and wood models, 201 of which have been
identified using known catalogs and other collections. Over half
of these were manufactured and sold by Martin Schilling (Leipzig
and Halle, Germany) in the late 19th and early 20th centuries. We
know we have a number of models designed, and possibly made,
by Ludwig Brill (Munich, Germany), as well as those made by
Professor Arnold Emch, a UI faculty member starting in 1911.
Documentation of these models will continue, with a plan to
eventually label, organize, and better display the artifacts. In
addition, we will make the database of models available online,
and have missing or damaged one reconstructed, where possible.

