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3. The following proposal is being submitted for:
SIM Camp Delta (campers entering grades 9-12, all students have taken algebra 1)

4. Course Title
Mathematical (Topological) Invariants: How to know the answer in advance [1]

5. Please write a brief (one to two paragraph) description of the content you would like to teach at
SIM Camp. Please also list any references for activities/material (e.g. textbooks, activities you plan
to borrow/adapt from other sources). 
This course is intended to be an introduction to mathematical, specifically topological,
invariants. We will introduce the idea of an invariant by presenting the following “magic
trick:” A student is asked to move n-spaces (only horizontally and vertically) on a 3-by-3 grid.
Given the student’s initial position and the parity of n, we can determine precisely where the
student will not end up. So, the parity of the number of spaces she moves is an invariant
of her position [1]. After this simple introduction, students will be introduced to the Euler
characteristic for polygons, spheres, tori, and planar graphs through hands-on-activities
as well as more abstract arguments. A plethora of applications will follow: students will
get practice abstracting concrete problems so that they can be solved using knowledge of
various topological invariants. The applications will include Platonic solids, “hexagonal” golf
balls, the Königsberg bridge problem, the brick wall puzzle, and dominoes [2]. Students will
also be exposed to coloring problems on planar graphs and will see rough arguments for
the five and six-color theorems. On the final day, we will introduce other topological notions,
such as dimension, orientation, and Betti numbers. Throughout the course students will
explore the more abstract concepts through topological puzzles and riddles. References:
[1] Michael J. Hopkins' Lecture at UNL entitled “Mathematical Invariants: How to know the
answer in advance” (https://www.youtube.com/watch?v=kijm4W2Txdk) [2] “Euler’s Gem: The
polyhedron formula and the birth of topology” by David S. Richeson [3] Rubber Geometry
(Topology) links (http://britton.disted.camosun.bc.ca/jbrubbergeom.htm)

6. Please write a rough outline of content, and list specific learning objectives that you think are
reasonable to cover over the four-day period. You may assume roughly 2.5 hours of instructional
time per day.
Learning Objectives: Understanding the notion of a mathematical invariant, Euler
characteristic, graph coloring, and higher topological invariants. How to solve specific
problems using general mathematical facts. Day 1: What is a mathematical invariant? Intro
presentation Introduce the Euler characteristic for polygons Euler characteristic for spheres
and tori using balloons Platonic Solids and golf ball applications Day 2: Königsberg bridge
problem Euler’s Theorem (the degree of a vertex as an invariant) Brick Puzzle Dominoes
Puzzle Euler characteristic for planar graphs and complete graphs Using induction to
calculate the Euler characteristic of a “pyramid graph” with n levels Day 3: The problem of
the five princes [2] Coloring Map problem Computer activity coloring graphs [3] Six color
theorem Five color theorem Four color theorem Day 4: Introduction to MORE topological
invariants: dimension, orientation, Betti numbers Topological games and puzzles: for
example the game of (Brussels) sprouts as explained in Chapter 13 of Euler’s Gem [2].

7. Please use the space below to explain why you want to teach this particular content to this
particular age group. Please include how you think the content can be adapted to be accessible to
the age group, and why you think that the students would find your course interesting.
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Topology is a beautiful subject that isn’t taught in most high schools. Though some things in
topology have a steep learning curve, the graph theoretic problems presented in this course
provide an accessible way to discuss some serious topological phenomena. Using the Euler
characteristic as a guide, students will be able to ground the notion of topological invariants
in concrete examples. In fact, they will be able to classify all the Platonic solids. Students
will witness firsthand the power of abstraction. Using Euler’s result on the feasibility of
constructing an Euler walk on a graph, students will be able to tackle and solve a number of
problems and riddles phrased in more familiar terms. One of the goals of this course will be
to demonstrate the power of mathematics: finding an answer to a question without having
to first find an explicit construction or solution. As the title states, students will learn “how
to know the answer in advance.” By first phrasing these mathematical problems in terms of
riddles and puzzles, the students can investigate the problem on their own before trying to
rigorously formulate and prove a mathematical statement. We hope to build a bridge (pun
intended) between abstract math problems and simple everyday problems.

8. Please upload a sample activity for a 40-45 minute segment of one day of class that is
appropriate for the age group. If it is not an introductory activity, please list the topics that are
assumed knowledge from previous class periods.
https://illinois.edu/fb/fileAuth/ddmenon2@illinois.edu_Q8_date_20161231_id_148591.pdf
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Background Material: This is the activity for Day 2. Following the worksheet, I have
included some notes for the instructor. Students should have some familiarity of the idea
of an invariant. Though it is not essential for this activity, students will have seen how to
calculate the Euler characteristic for polygons, spheres, and tori as well as some applications
to Platonic solids on Day 1.



SIM Camp Delta: Everyday Abstraction - Day 2

1. A Stroll Through Two Cities

a) The NYC Bridge Problem:
The map below depicts the four land masses and thirteen bridges that make up the
greater New York City area. Is it possible for someone to travel across all seven bridges
in NYC without passing any bridge twice? Try and trace on the map below such a
path. Hint: Does it matter on which land mass you begin your trip?

b) The Konigsberg Bridge Problem:
The above problem may have originated in the Prussian city of Konigsberg. Residents
would see if they could walk on all seven bridges without passing any bridge twice. Is
it possible? If so, can you trace the path on the map below?



2. A Mathematical Walk

a) It can be tedious to test many routes until we can determine whether or not the above
type of walk is possible. Especially if we think such a walk cannot exist, how can we
be sure? How do we know we just haven’t missed the correct solution in our guessing?
Is there a way to know the answer in advance? This is where mathematics comes into
play. Mathematicians have found a way to abstract the above problem into questions
about graphs.

First, what is a graph? For us, a graph is a picture made of points, called vertices, and
lines joining these points called edges.

Here is the corresponding graph for the city of Konigsberg, where the vertices corre-
spond to the land masses and the edges correspond to the bridges:

b) Before we can nail down the precise statement about whether or not the described
walk is possible, it will be helpful to introduce some terminology about properties of
graphs: We say that a graph is connected if it is possible to get from any vertex to
any other vertex by following a sequence of edges. A tracing of a graph that starts at
one vertex and ends at another is called a walk. In this problem, we and interested
in walks where we visit each edge exactly once. This type of walk is called an Euler
walk. Finally, we define the degree of a vertex to be the number of edges emanating
from it.

Can you guess what properties a graph should possess to ensure it has an Euler walk?



3. Brick Wall Gra�ti

a) Suppose you are an artist and you have been hired by a hip new restaurant to spray
paint a mural on the brick wall adjacent to their outdoor seating area. The restaurant
owner has a very specific request: She wants you to draw a single unbroken curve that
crosses each of the line segments in the figure below exactly one time (the curve may
begin and end in di↵erent bricks)? Is this possible? Give it a few tries.

b) This problem can be transformed into a graph-tracing problem like Problem 2. To
form the graph, place one vertex inside each brick and one vertex outside the figure.
Draw one edge from a vertex to another vertex if the corresponding bricks share a
boundary in the original picture. Sketch this graph below.

c) What property about the graph is su�cient to determine whether or not the requested
curve can be made on the wall? Does this graph have this property?



4. A Game of Dominoes

a) In a standard box of dominoes, each half of a domino has zero to six markings. No
two dominoes in the box are alike, and every possible combination is present in the
set. How many dominoes are there in a box?

b) When playing a game of dominoes, play alternates as each player takes turns laying
down a domino in such a way that the number on half of his domino matches the
number on an existing domino. A domino with the same number of markings on each
half can be placed in a T formation against a tile with that number of markings on
one half (see the figure below). The game ends when a player is unable to lay down
another domino. Will a game always end with a player holding dominoes in his cache?
Or is it possible to lay down all of the dominoes and never get stuck? Try it!

c) Let’s try and turn this problem into a problem about Euler walks on a graph. Can
you think of a graph that can represent the collection of all domino tiles? What would
the vertices correspond to? How about the edges?


