Probability Comprehensive Exam, August 2020

1. (20 points) Let X1, Xs,... be a sequence of independent and identically distributed positive
random variables with P(X; > z) = e~ * for all x > 0. Show that
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limsup ——— =
n—oo Inlnn

almost surely.

2. (20 points) Let X, Xa,... be independent and identically distributed random variables with
EX; =0 and EX? = 1. Show that
VN m=1 Xm
m=1 X7,

converges weakly to a standard normal random variable.

3. (20 points) Let Y7,Y5,... be nonnegative independent and identically distributed random vari-
ables with E(Y;) =1 and P(Y1 = 1) < 1. Put F, = o{Y1,...,Y,}. (i) Show that X,, = [[,,<,, Ym
is a martingale with respect to F,,. (ii) Show that X,, converges to zero almost surely as n — oo.

4. (20 points) Let &, i,n > 0 be independent identically distributed non-negative integer valued
random variables with a common expectation y and common variance 0% € (0,00). Define a
sequence Z,,n > 0 by Zy =1 and
7 — él,nJrl +---+ €Zn,n+1a Zn >0
ntl 0, Zn = 0.

Put F, =0(&m:1>1,1<m<n)and X, = % (a) Show that X, is a martingale with respect
to Fp. (b) Show that if © <1, then Z, = 0 for all n sufficiently large. (c) Show that

n+1
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by proving the identities

BE(X2|Fno1) = X2, + E((Xn — Xn-1)?|Fe1)

n
and
E(Xp — Xp 1)?|Fn1) = 0?02, 4.
(d) Show that, if u > 1, X,, converges in L.

5. (20 points) Suppose that X,, is a nonnegative submartingale with respect to a filtration F,.
Show that for any a > 0 and any positive integer N we have the following Doob’s inequality

1
P( max X, >a)< -

/ XndP.
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