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Circuit Domain ΩC – Field Domain Ω

ΩC
Ω
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ΓM
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Ω =̂ field domain

ΩC =̂ circuit domain

•, • =̂ ports

Coupling interface: Γ := ∂ΩC = ΓE
1 ∪ · · · ∪ ΓE

NE
∪ ΓM

1 ∪ · · · ∪ ΓM
NM

∪ ΓI
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Maxwell’s Equations

Σ =̂ oriented surface

Faraday’s law

∫

∂Σ

E · ds = −
d

dt

∫

Σ

B · n dS

m

curl E = −∂tB

+

Ampere’s law

∫

∂Σ

H · ds =
d

dt

∫

Σ

D · n dS

m

curl H = ∂t D

Material laws: B = µ(x)H , D = ǫ(x)E

E,H
D,B

}
integrated over

{
paths

surfaces

Exterior

calculus

perspective

:

E, H ↔ 1-forms

D, B ↔ 2-forms

curl ↔ exterior derivative d

Maxwell’s equations
l

De Rham complex
l

algebraic topology
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Discrete Fields
Ωh =̂ oriented tetrahedral mesh for Ω (simplicial complex)

(Discrete) ℓ-co-chain ~U ∈ Cℓ(Ωh): ~U : { ℓ-facets of Ωh } 7→ R

0-co-chain 1-co-chain 2-co-chain 3-co-chain

E(t), H(t) ↔ 1-co-chains ~E(t), ~H(t) ∈ C1(Ωh) (d.o.f.s on edges)

B(t), D(t) ↔ 2-co-chains ~B(t), ~D(t) ∈ C2(Ωh) (d.o.f.s on faces)

{
Faraday’s law: C~E = −∂t

~B

Ampere’s law: C~H = ∂t
~D

, C =̂
edge-face

incidence matrix

Polynomial extension of ℓ-cochains Whitney-ℓ-forms FEEC
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Maxwell’s Equations: Weak Formulations

I. E-based : I.b.p. on Ampere’s law & keep Faraday’s law

∫

Ω

∂t (ǫE) · E′ − H · curl E′
dx −

∫
Γ
(H × n) · E′

dS = 0 ∀E′ ,
∫

Ω

∂t (µH) · H′ + curl E · H′
dx = 0 ∀H′ .

Spaces: E(t) ∈ H(curl,Ω) := {V ∈ L2(Ω) : curl V ∈ L2(Ω)}, H(t) ∈ L2(Ω)

II. H-based: I.b.p. on Faraday’s law & keep Ampere’s law

∫

Ω

∂t (µH) · H′ − E · curl H′
dx −

∫
Γ

E · (H′ × n) dS = 0 ∀H′ ,
∫

Ω

∂t (ǫE) · E′ + curl H · E′
dx = 0 ∀E′ .

Spaces: H(t) ∈ H(curl,Ω) := {V ∈ L2(Ω) : curl V ∈ L2(Ω)}, E(t) ∈ L2(Ω)

6



Traces

∫

Ω

∂t (ǫE) · E′ − H · curl E′
dx −

∫
Γ
γ×H · γtE

′
dS = 0 ∀E′ ,

∫

Ω

∂t(µH) · H′ + curl E · H′
dx = 0 ∀H′ .

γp =̂ pointwise trace γpU(x) := U(x),
γt =̂ tangential trace γtU(x) := n(x)× (U(x)× n(x)),
γ× =̂ twisted tangential trace γ×U(x) := U(x)× n(x),
γn =̂ normal trace γtU(x) := U(x) · n(x),

x ∈ Γ.

H1(Ω)
grad

−−−−→ H(curl,Ω)
curl

−−−−→ H(div,Ω)
div

−−−−→ L2(Ω)

γp

y γt

y γn

y

H
1
2 (Γ)

grad
Γ−−−−−→ H− 1

2 (curlΓ, Γ)
curlΓ−−−−→ H− 1

2 (Γ)
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Traces

γp =̂ pointwise trace γpU(x) := U(x),
γt =̂ tangential trace γtU(x) := n(x)× (U(x)× n(x)),
γ× =̂ twisted tangential trace γ×U(x) := U(x)× n(x),
γn =̂ normal trace γtU(x) := U(x) · n(x),

x ∈ Γ.

H1(Ω)
grad

−−−−→ H(curl,Ω)
curl

−−−−→ H(div,Ω)
div

−−−−→ L2(Ω)

γp

y γt

y γn

y

H
1
2 (Γ)

grad
Γ−−−−−→ H− 1

2 (curlΓ, Γ)
curlΓ−−−−→ H− 1

2 (Γ)

Γh := Ωh|Γ = mesh of interface Γ!

Trace of ℓ-co-chain ~V ∈ Cℓ(Ωh): γ~V := ~V
∣∣∣
Γh

C0(Ωh)
G

−−−−→ C1(Ωh)
C

−−−−→ C2(Ωh)
D

−−−−→ C3(Ωh)

γ

y γ

y γ

y

C0(Γh)
GΓ−−−−→ C1(Γh)

CΓ−−−−→ C2(Γh)
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Coupling Conditions and Ports

✤

✣

✜

✢

Partition: Γ := ∂ΩC = ΓE
1 ∪ · · · ∪ ΓE

NE︸ ︷︷ ︸
=:ΓE

∪ ΓM
1 ∪ · · · ∪ ΓM

NM︸ ︷︷ ︸
=:ΓM

∪ ΓI

electric ports magnetic ports insulating boundary

@electric ports: γtE = 0 on ΓE (PEC)

free eletric current no magnetic flux

@magnetic ports: γ×H = 0 on ΓM (PMC)

no eletric current free magnetic flux

@insulating boundary :
no magnetic flux: curl E · n = curlΓ(γtE) = 0,

no electric current: curl H · n = divΓ(γ×H) = 0.
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Discrete Surface Fields

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

00000000 0

0 0

00

xxxx xxxxx

x x

xxxxxx

γ~E ∈ C1(Γh)

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0000 00000

0 0

000000

xxxxxxxx x

x x

xx
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Surface Scalar Potentials

If Ω has no handles ⇔ β1(Ω) = β1(Γ) = 0, then

v ∈ H− 1
2 (curlΓ, Γ) , curlΓ v= 0 ⇒ ∃ϕ ∈ H

1
2 (Γ): v = grad

Γ
ϕ ,

~v ∈ C1(Γh) , CΓ~v= 0 ⇒ ∃~ϕ ∈ C0(Γh): ~v = GΓ~ϕ .

β1(Γ) = 0

β1(Γ) = 1

11



Surface Electric Fields

Setting: Electric ports ΓE , magnetic ports ΓM & insulating boundary ΓI

γtE ∈ VE(Γ) :=
{

v ∈ H− 1
2 (curlΓ, Γ) : curlΓ v = 0 in Γ \ΓM , v|

ΓE
= 0

}
.

∀u ∈ VE(Γ):

∫

σ

u · d~s = 0 ∀σ ∈ B(Γ \ ΓM) ,

B(Γ \ ΓM) := {boundaries in Γ \ ΓM} .

Space for scalar potentials:
S(Γ) :=

{
ϕ ∈ H

1
2 (Γ \ ΓM) : ϕ = 0 on ΓE

}
.

∀u ∈ grad
Γ
S(Γ):

∫

σ

u · d~s = 0 ∀σ ∈ Z(Γ \ ΓM ; ∂ΓE) ,

Z(Γ \ ΓM ; ΓE) := {paths either closed or with endpoints ∈ ΓE} .

B(Γ \ ΓM) ⊂ Z(Γ \ ΓM ; ∂ΓE),

but VE (Γ) 6= grad
Γ
S(Γ) , if B(Γ \ ΓM) 6= Z(Γ \ ΓM ; ΓE).
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Boundaries and Cycles

Γ1
E

Γ2
E

Γ1
M

Γ2
M

B(Γ \ ΓM) := {

boundaries in Γ \ ΓM},

Z(Γ \ ΓM ; ΓE) := {

paths either closed or

with endpoints ∈ ΓE} .

— ∈ Z(Γ \ ΓM ; ΓE)
6∈ B(Γ \ ΓM)

— ∈ B(Γ \ ΓM)

- - - ∈ Z(Γ \ ΓM ; ΓE)
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Fundamental Relative Cycles

" Z(Γ \ ΓM ; ΓE) = B(Γ \ ΓM) + span{M fundamental cycles} ” .

Γ1
E

Γ2
E

Γ3
E

Γ1
M

Γ2
M

τ1

τ2

σE
3

σE
2

∂Γ2
M

electric connector paths magnetic port cycles topological cycles

M = max{NE , 1} − 1 +max{NM , 1} − 1 + 2β1(Ω) .

{φ1, . . . , φM} =̂ fundamental cycles of Z/B. ∃c1, . . . , cM ∈ VE(Γ):

∫

φj

ci · ds = δij , VE(Γ) = grad
Γ
S(Γ) + span{c1, . . . , cM} .
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Tool: Dual Relative Cycles

Γ1
E

Γ2
E

Γ3
E

Γ1
M

Γ2
M ∂Γ2

M

σM
2 = ∂̂Γ2

M

Poincaré

Lefschetz

duality

fundamental cycle dual cycle

electric connector σE
k electric port cycle σ̂E

k

magnetic port cycle σM
ℓ magnetic connector σ̂M

ℓ
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Collar Fields

fundamental cycle σ −→ dual cyle σ̂ −→ collar field c ∈ VE (Γ)

Γ1
M

Γ2
M

σ̂2
M

~c ∈ C1
E(Γh):

(magnetic

connector)
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Fundamental Cycles: Construction

−→ Spanning-tree techniques

Example: Torus (β1(Γ) = 2) 2 topological fundamental cycles τ1, τ2
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Fundamental Cycles: Construction

Demonstration: Spanning-tree techniques

—: spanning tree in
edge-cell graph

—: spanning tree in remainder

edge-vertex graph

—, —: “Belt buckles”

fundamental

cycles τ1, τ2
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Topology → Variational Formulation

∫

Ω

∂t (ǫE) · E′ − H · curl E′
dx −

∫
Γ
γ×H · γtE

′
dS = 0 ∀E′ ,

∫

Ω

∂t(µH) · H′ + curl E · H′
dx = 0 ∀H′ .

γtE
′ = gradϕ+

NE∑
k=2

µk cE
k +

NM∑
ℓ=2

αℓc
M
ℓ +

NT∑
m=1

βmcT
m ,

ϕ ∈ S(Γ) ,
µk , αℓ, βm ∈ R .

Γ1
M

Γ2
M

σ̂2
M

dual cycle σ̂

▽

collar field c ∈ VE (Γ)
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Topology → Variational Formulation

∫

Ω

∂t (ǫE) · E′ − H · curl E′
dx −

∫
Γ
γ×H · γtE

′
dS = 0 ∀E′ ,

∫

Ω

∂t(µH) · H′ + curl E · H′
dx = 0 ∀H′ .

γtE
′ = gradϕ+

NE∑
k=2

µk cE
k +

NM∑
ℓ=2

αℓc
M
ℓ +

NT∑
m=1

βmcT
m ,

ϕ ∈ S(Γ) ,
µk , αℓ, βm ∈ R .

Collar field c = g̃rad
Γ
ψ, ψ ∈ H1(Γ \ (ΓM∪σ)), JψKσ̂ = 1.

∫

Γ

γ×H · c dS =

∫

ΓI\σ̂

γ×H · grad
Γ
ψ dS

= −

∫

ΓI

divΓ(γ×H)︸ ︷︷ ︸
=0

ψ dS +

∫

σ̂

JψKσ̂ H · ds =

∫

σ̂

H · ds .
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Port Quantities

E = E0 + gradΦ +
NE∑

k=2

Uk (t)C
E
k +

NM∑
ℓ=2

Ḃℓ(t)C
M
ℓ +

NT∑
m=1

ḂT
m(t)C

T
m ,

E0 ∈ H0(curl),
Φ ∈ H1(Ω) .

E-based variational problem:∫

Ω

∂t (ǫE)(t) · E′
0 − H(t) · curl E′

0 dx = 0 ∀E′
0 ∈ H0(curl,Ω) ,

∫

Ω

∂t (ǫE)(t) · gradΦ′, γpΦ ∈ S(Γ) dx = 0 ∀Φ′ ,

∫

Ω

∂t (ǫE)(t) · CE
k dx − Jk (t) = 0 ∀k = 2, . . . ,NE ,

∫

Ω

∂t (ǫE)(t) · CM
ℓ − H(t) · curl CE

ℓ dx − Fℓ(t) = 0 ∀ℓ = 2, . . . ,NM ,

∫

Ω

∂t (ǫE)(t) · CT
m − H(t) · curl CT

m dx − JT
m(t) = 0 ∀m = 1, . . . ,NT ,

∫

Ω

(
∂t (µH)(t) + curl E(t)

)
· H′

dx = 0 ∀H′ ∈ L2(Ω) .
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Topological Obstructions

β1(ΩC) > 0 unique voltages requires cuts in ΩC !

bounded by topological cycles τ̂m

τ1

τ2

γE
2

γ

Γ1
E

Γ2
E

ΩC
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The Importance of Choosing Cuts

Computations in frequency domain, bounded Ω, voltage excitation.
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Wrap-Up: Circuit-Field Coupling & Topology

Mathematical tools: Relative (co-)homology,

Poincaré-Lefschetz duality

Needed: interface fundamental cycles

Available through spanning-tree techniques

fundamental

cycles

duality
−−−→

collar

fields
variational

−−−−−−−→
formulations

port quantities

(currents, voltages, etc.)

! β1(ΩC) > 0 dangerous!

R. HIPTMAIR AND J. OSTROWSKI, Electromagnetic port boundary

conditions: Topological and variational perspective, Tech. Rep.
2020-27, Seminar for Applied Mathematics, ETH Zürich, Switzerland,

2020.
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