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Coupling interface:

Q = field domain
Q¢ £ circuit domain
, = ports

M=0Qc=rfu-.-urg_ urfu...uri ur,



Maxwell’s Equations

> = oriented surface

Faraday’s law
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D,B } d { surfaces Maxwell’'s equations
— De Rham complex
Exterior E.H < 1-forms .
calculus D,B <« 2-forms algebraic topology
perspective curl <« exterior derivative d



Discrete Fields
Qp = oriented tetrahedral mesh for Q (simplicial complex)

(Discrete) ¢-co-chain Uect (Qp): U: { ¢-facetsof @, } = R

0-co-chain 1-co-chain 2-co-chain 3-co-chain

H(t) < 1-co-chains E(t),H(t) € C'(Qx) (d.o.f.s on edges)
B(t), D(t) +« 2-co-chains B(t),D(t) € C3(Qx) (d.o.f.s on faces)

; c=

Faraday’s law: CE = —9;B edge-face
Ampere’s law: CH = 9,D incidence matrix

Polynomial extension of ¢-cochains B> Whitney-¢-forms B> FEEC



Maxwell’s Equations: Weak Formulations

l. E-based: I.b.p. on Ampere’s law & keep Faraday’s law

O(cE)-E' —H.curlE'dx — [(Hxn).-EdS = 0 VE,

/8t(uH) -H +curlE - H dx
Q

0 VvH'.

Spaces: E(t) € H(curl, Q) := {V € L?(Q) : curlV € L3(Q)}, H(t) € L?(Q)

ll. H-based: I.b.p. on Faraday’s law & keep Ampere’s law

O(pH) -H —E-curlHdx — [(E-(H'xndS = 0 VH,

7 Oi(€E) - E' + curlH - E' dx 0 VE .
Q

Spaces: H(t) € H(curl,Q) := {V € L%(Q) : curlV e L?(Q)}, E(t) € L?(Q)




Traces
/8t(eE)-E’—H-curI E'dx - [.y«H-%E'dS = 0 VE,
/at(uH)-H’+curlE-H’dx = 0 VH.
Q
)b = pointwise trace wU(x) = U(x),
v = tangential trace 7U(x) := n(x) x (U(x) x n(x)), xerl.
v« = twisted tangential trace v U(x) := U(x) x n(x),
yn = normal trace 7U(x) := U(x) - n(x),
H'(Q) 2% Hieur,Q) — H(div,Q) —% 12(Q)
WPJ{ ”Ifl ”an(
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Traces

7 = pointwise trace WwU(x) := U(x),

v 2 tangential trace 7U(X) := n(x) x (U(x) x n(x)), .
v« = twisted tangential trace v, U(x) := U(x) x n(x),

Yn = normal trace 7U(x) := U(x) - n(x),

H'(Q) 2% Hieur,Q) — H(div,Q) —% 12(Q)

| N .|

rad
gradr, H~ (curlr,T) _curlr, 1

I'h := Q| = mesh of interface I'!

Trace of /-co-chain V € C/(Qp): AV = V

o) —S— CY(Qp) —S— C3(Q) —2— C3(Q)
Cory) —3— c(rp) —Ss C2(Ty)




Coupling Conditions and Ports

/Partition: =8Qc=rfu.--urg. v rfu-..urf v T, N
—_———
=g =m
\ electric ports magnetic ports insulating boundary /
@electric ports: wE=0 on TIg (PEC)
free eletric current no magnetic flux
@ magnetic ports: «H=0 on Ty (PMC)
no eletric current free magnetic flux

no magnetic flux:  curlE - n = curlr(1:E) = 0,
@insulating boundary:
no electric current: curlH - n = divr(v<H) = 0.




Discrete Surface Fields
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=Tk,

~E € C'(Tp) ~H e C'(Ip)

=Twm, @ = zero edge circulation, x = free edge value



Surface Scalar Potentials

If @ has no handles < 4(Q) = 1(I") = 0, then

1

veH z(curl,T), curlrv=0 = 3Jpe H3(T): v=grad; ¢,
vecl'(fy), Crv=0 = 3IFeClp): Vv=Grg.

O pr(F) =1
p(M)=0



Surface Electric Fields

Setting:  Electric ports 'e, magnetic ports 'y, & insulating boundary I,

wE € Ve(T) = {v € H % (curl,T): curlrv=0inT \Ty, V|, = o} .

B Ve Ve(n): /u-d§:0 Vo € BT\ Tu),

[ea

B(I'\ T'y) := {boundaries in '\ Ty} .

Space for scalar potentials: S(r) = {(p c H%(F \Fw): »=0o0n FE} .

B  vuegrad S(IN): /u-d§:0 Vo e Z(T'\Ty; olg)

Z(I'\ T'y; Te) := {paths either closed or with endpoints € 'z} .

B(I’ \ I'M) C Z(I’\ NYE 8|_E),

but Ve(I) #grad-S(I), if B(T\Tw) # Z(T\TwTEe).



Boundaries and Cycles

B\ Twm) = {
boundaries in '\ 'y},
Z(I’\ I'M; I'E) = {
paths either closed or
with endpoints € I'e} .

— [S Z(F \ FM; FE)
¢ B(M\ Tm)

— S B(F\ FM)

S Z(F \ FM; FE)




Fundamental Relative Cycles

Z(T\Tm;Te) = B(I'\ I'y) + span{M fundamental cycles}

electric connector paths magnetic port cycles topological cycles
[ M = max{Ng,1} — 1+ max{Ny,1} =1+ 2061(Q) .
{#1,...,9m} = fundamental cycles of 2/5. Je1,...,cmy € Ve(I):

/ c,--dS:é,-,- s VE(I') :gradrS(F)+span{c1,...,cM} .
¢.



Poincaré
Lefschetz
duality

Tool: Dual Relative Cycles

| fundamental cycle

dual cycle

electric connector of

electric port cycle G

magnetic port cycle o’

magnetic connector 5}




Collar Fields

fundamental cycle 0 —— dualcylec — collar field ¢ € Ve(I)

r2

(magnetic
connector)

|-1

¢ (S C}:-(Fh):



Fundamental Cycles: Construction

Spanning-tree techniques

Torus (51(IN) = 2)

B 2 topological fundamental cycles 7, 72

Example:
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Fundamental Cycles: Construction

Demonstration: Spanning-tree techniques

° o °

—: spanning tree in
edge-cell graph

—: spanning tree in remainder

edge-vertex graph %E EVARVAN
—, —: “Belt buckles” N
4.
————— fundamental
----- cycles 11, 72




Topology — Variational Formulation

/8t(eE)-E’—H-curI E'dx - [.yxH-%E'dS = 0 VE,

/8,(NH)-H’+curIE-H’dx = 0 VH.

Q

Ng Ny Nt S(r)
+E' = grad o + ct cM el ¥E ’
o grade kZ::sz kK zgzag et ,nz::1ﬁm m Hk, o, Bm € R .
r2 dual cycle &
v

collar field ¢ € Vg(IN)

Q)

r1




Topology — Variational Formulation

O(cE)-E' —H.-curlE'dx — [ ~H.-4EdS = 0 VE,

/a,(ul-l)-H’+cur|E-H’dx = 0 VH.
Q

7 P o € 8(r)
+E' = grad o + et + 5 weM + cr, ¥ ’
o grace kZ::sz K egz = ,nz::1 fmCm Hk, o, Bm € R

Collar field ¢ = grad.y, e H'(T\ (TyUo)), [¥]s = 1.

[ /WH-cdS: /WXH-gradﬂpdS

r r\o

——!din(_ZxH)¢d3+a/[[¢]]aH'd3—3/H'ds-



Port Quantities

E, € Ho(curl),

Ne Ny . Nr .
B E M T T
E=E;+grad® + kgz Uk(t)CE + 42::2 B,(t)C;' + m; Bn()Cms ¢ ¢ H'(Q) .

E-based variational problem:
/ Ot(eE)(t) - Ep — H(t) - curl Ej dx =0 VE; € Ho(curl,Q),
Q

/Qat(eE)(t) .grad &/, 4,® € S() dx ~0 v,
/Qat(eE)(t)-Cde “J(f) =0 VYk=2,... Ng,

/Qat(eE)(t)-CQ”—H(t)-curICfdx “Ff) =0 ¥=2,... Ny,

/Qat(eE)(t)-ch—H(t)-curlc;dx _JT(#) =0 ¥m=1,...,Nr,

/(8t(uH)(t) 1 curl (1)) - W dx _0 VH e L3(Q).
Q



s

Topological Obstructions

B£1(2¢) >0 B unique voltages requires cuts in Q!

bounded by topological cycles 7,

e



The Importance of Choosing Cuts
Computations in frequency domain, bounded €, voltage excitation.

_— | .
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Wrap-Up: Circuit-Field Coupling & Topology

Mathematical tools: Relative (co-)homology,
Poincaré-Lefschetz duality

[1 R. HIPTMAIR AND J. OSTROWSKI, Electromagnetic port boundary
conditions: Topological and variational perspective, Tech. Rep.
2020-27, Seminar for Applied Mathematics, ETH Ziirich, Switzerland,

2020.

fundamental duality collar variational port quantities
cycles fields formulations (currents, voltages, etc.)

A B1(2¢) > 0 dangerous!




