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Introduction and background

• This talk is about some work I’ve done on expansions of R by complex multiplicative subgroups. My
goal is to find a classification of expansions of R by finitely generated complex subgroups using the
sets definable in these structures.

• Throughout, let Lor denote the language of ordered rings. That is, Lor = {<,+, ·,−, 0, 1}.
• An abelian group Γ is said to have finite rank if it has a finitely generated subgroup Γ′ such that

Γ/Γ′ is torsion. In particular, finitely generated abelian groups have finite rank. Example: Let U be
the set of roots of unity in C. It is easy to check that U has finite rank.

• Examples of previous work studying expansions of R by complex multiplicative subgroups:
(1) (Belegradek and Zilber, 2008 [1]) (R,Γ), where Γ is an infinite finite rank subgroup of S1. The

main theorem of this paper is:

Theorem ((Belegradek and Zilber)). The definable relations in (R,Γ) have the form

R(v) = ∃x1y1 . . . xnyn

(
φ(x1, y1, . . . , xn, yn, v) ∧

n∧
i=1

(xi, yi) ∈ Γ

)
where φ is an Lor-formula (with parameters from R).

(2) (Günaydın, 2008 [7]) (R, 2Z, 2Z3Z). This is the real field R expanded by a discrete subgroup of
R>0 (2Z) and a dense subgroup of R>0 (2Z3Z). In this paper Günaydınfound conditions for two
such expansions of R to be elementarily equivalent.

• The main two theorems I proved are similar to these two theorems. One theorem is an axiomatization
and one is a theorem showing the definable sets are Boolean combinations of sets of a certain form.

Classification for cyclic subgroups

• The motivation for my work is the following theorem due to Philipp Hieronymi [9]. First we need a
definition.

• We say that an ordered structure R is d-minimal if for every M ≡ R, every definable subset of M
is the union of an open set and finitely many discrete sets. (A set S is discrete if every point in S is
isolated.) The concept of d-minimality was introduced by Chris Miller.

• We have a classification for cyclic subgroups of C×:

Theorem. [(Hieronymi, 2010)] Let S be an infinite cyclic subgroup of (C×, ·). Then exactly one of
the following holds:
(1) (R, S) defines Z;
(2) (R, S) is d-minimal;
(3) every open definable set in (R, S) is semialgebraic (i.e. is Lor(R-definable)

• When do each of the cases in ?? occur? Let S = (aeiϕ)Z.
(1) a = 1: In this case, S = (eiϕ)Z, which is just a finitely generated subgroup of S1. (Note

that ϕ can’t be a rational multiple of 2π, otherwise S is finite.) Every open set in (R, S) is
semialgebraic, which is proved in a paper of Günaydınand Hieronymi ([8]). By density of (eiϕ)Z

in S1, the projection of S onto the real line is dense in (−1, 1). Since (eiϕ)Z is countable, the
projection of S onto the real line is also codense in (−1, 1). Therefore, (R, S) is not d-minimal.
It can proved from the theorem of Belegradek and Zilber mentioned previously that (R, S) does
not define Z.
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(2) ϕ ∈ 2πQ: In this case, it can be shown (R, S) is interdefinable with (R, aZ). It can be shown
that (R, aZ) is d-minimal. (This follows from the quantifier elimination result for the theory of
(R, 2Z) in an expanded language proved in [4].) Therefore, (R, S) does not define Z. Since aZ
is countable, R>0 \ aZ is open. However, this complement is not semialgebraic.

(3) Suppose a 6= 1 and ϕ /∈ 2πQ. Let mS : (aeiϕ)Z → aZ be defined by mS(z) = |z| (i.e. mS is
modulus on S). Thus, mS((aeiϕ)k) = ak, and mS is definable. Note that mS is bijective, so
it has an inverse m−1

S : aZ → S. Let π : C× → S1 be projection onto the unit circle. That is,
π(z) = z/ |z|. The map f : aZ → (−1, 1) defined by f = Im(π ◦m−1

S ) is definable in (R, S). We
have f((aeiϕ)k) = sin(kϕ) for k ∈ Z. Since ϕ /∈ 2πQ, (π ◦m−1)(aZ) is dense in S1. Therefore,
f(aZ) is dense in (−1, 1). It can be shown that if D is discrete and f : Dn → R is a function
such that f(Dn) is somewhere dense, then (R, f) defines Z.

• We have this classification for cyclic subgroups of C×. This leads to the question if this classification
holds for arbitrary finite rank subgroups. It turns out that the answer is no.

A counterexample to the classification for cyclic subgroups

• The structure (R, aZ(eiϕ)Z) does not fall into any of (1)-(3) in the classification theorem. This
structure is the real field R expanded by the multiplicative subgroup of C generated by a positive
real number (a) and an element of the unit circle (eiϕ) where ϕ /∈ 2πQ. Let S = aZ(eiϕ)Z.

• Here is a visualization of what aZ(eiϕ)Z looks like:

a−1 1 a

The group S is dense in each of the circles of radius ak, k ∈ Z.
• From here on, ∆ ⊆ R>0 will denote a subgroup of the form εZ for some ε > 1 and Γ ⊆ S1 will denote

an infinite finite rank subgroup of S1.
• The fact that (R, S) does not satisfy any of (1)-(3) in the classification follows from the following

theorem.

Theorem A (C.). Every subset of Rm definable in (R,Γ∆) is a Boolean combination of sets of the
form

{x ∈ Rm : ∃y ∈ (Γ∆)n s.t. (x, y) ∈W}
for some semialgebraic set W ⊆ Rm+2n.

We will use this to show that (R, S) does not satisfy any of (1)-(3), where S = aZ(eiϕ)Z.
• (R, S) does not define Z: Let X ⊆ R be definable in (R,Γ∆). By Theorem A, X is a Boolean

combination of sets X1, . . . , Xk, where for i ∈ {1, . . . , k},

Xi = {x ∈ R : ∃y ∈ Sni s.t. (x, y) ∈Wi}

=
⋃

y∈Sni

{x ∈ R : (x, y) ∈Wi}
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for some ni ≥ 1 and semialgebraic setWi. Since S is countable, each Xi is an Fσ set by o-minimality
of R. But if (R, S) defines Z, then (R, S) defines every projective subset of R.

• (R, S) is not d-minimal: Let P be the projection of S onto the real line. By density of (eiϕ)Z in S1,
P is dense in R. Since S is countable, P is codense in R. So (R, S) is not d-minimal.
• Not every open set definable in (R, S) is semialgebraic: Since aZ is countable, R \ aZ is open and

definable in (R, S). Moreover,

R>0 \ aZ =
⋃
k∈N

(ak, ak+1) ∪
⋃
k∈−N

(ak+1, ak)

so by o-minimality of R, R>0 \ aZ cannot be definable in R.
• Some notation:

– If K is a field, let S1(K) := {(a, b) ∈ K2 : a2 + b2 = 1} (the unit circle in K2).
– Let G be a group. For n ∈ N, let G[n] = {gn : g ∈ G}.

• The next theorem (which we call Theorem B) axiomatizes structures of the form (R,Γ,∆, (γ)γ∈Γ, (δ)δ∈∆).
That is, an expansion of (R,Γ,∆) with constants from Re(Γ) ∪ Im(Γ) and from ∆. (It is not hard
to show that (R,Γ,∆) is interdefinable with (R,Γ∆).) Theorem A is proved using this theorem.

Theorem B (C.). Let K be a real closed field. Let G be a dense subgroup of S1(K) such that G
contains Γ as a subgroup. Let A be a subgroup of K>0 which contains ∆ as a subgroup such that ε is
the smallest element of A greater than 1 and for every k ∈ K>0, there is a ∈ A such that a ≤ k < aε.
Then

(K,G,A, (δ)δ∈∆, (γ)γ∈Γ) ≡ (R,Γ,∆, (δ)δ∈∆, (γ)γ∈Γ)

if and only if:
(1) for every γ ∈ Γ and n ≥ 1, γ ∈ Γ[n] if and only if γ ∈ G[n];
(2) for every n ≥ 1, the number of cosets in Γ/Γ[n] is the same as the number of cosets of G/G[n];
(3) Γ∆ has the same Lor-type in K as Γ∆ does in R;
(4) GA satisfies the Mann axioms for Γ∆ (more on this in a bit);
(5) all torsion points of G are in Γ.

• One of the key ingredients in the proof of Theorem B is the Mann property. The Mann property is
the biggest tool from outside of logic that we use.

• (The Mann property) LetK be a field of characteristic 0 and G a subgroup ofK×. For a1, . . . , an ∈ Q
(n ≥ 1), a nondegenerate solution to

a1x1 + . . .+ anxn = 1(∗)

is a tuple (g1, . . . , gn) ∈ Gn such that

a1g1 + . . .+ angn = 1

and
∑
i∈I aigi 6= 0 for each nonempty subset I ⊆ {1, . . . , n}. The group G has the Mann property if

every equation of the form (∗) has only finitely many nondegenerate solutions in G.
• It can be shown (Theorem 1.1 in [6]) that every finite rank multiplicative subgroup of a field of

characteristic 0 has the Mann property. In particular, Γ∆ has the Mann property.
• The Mann axioms for Γ∆ are a collection of axioms, one for every equation of the form (∗), that

specify what the solutions to this equation are in Γ∆.
• To say that GA satisfies the Mann axioms for Γ∆ means that for each equation of the form (∗), if

a tuple of elements from GA is a nondegenerate solution of this equation, then this tuple of element
must be one of the finitely many solutions to the equation in Γ∆.

• Why do we need the Mann property? By Proposition 1.1 in [5],

Proposition. If K is real closed and H is a subgroup of K(i), then:
H has the Mann property ⇔ for every n ≥ 1 and every X ⊆ (K(i))n definable in (K,H), X ∩Hn

is definable in H.

So to understand how the field structure on R interacts with the group structure on Γ∆, we reduce
to the structure on Γ∆.
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• The proof of Theorem B is based on Günaydın’s work in 2008 [7] axiomatizing (R,Γ) (Γ an infinite
finite rank subgroup of S1) and structures of the form (R, G,A), where G is a multiplicative subgroup
of R with smallest element larger than 1 (i.e. G is regularly discrete) and A is (regularly) dense in
R>0.

Expansions of R by other finitely generated subgroups

• We have two theorems (Theorem A and Theorem B) for (R, aZ(eiϕ)Z). What about expansions of
R by other finitely generated subgroups of C?

• A natural next step is to consider (R, (aeiϕ)ZbZ), where S is dense in C. The group S is generated
by a complex number (aeiϕ, where ϕ /∈ 2πQ) and a real number greater than 1 (b).
• In order to study (R, (aeiϕ)ZbZ), we instead study

(R, (eiϕ)Z, aZbZ, bZ, µ).

• Here µ is a function from aZbZ to (eiϕ)Z defined as follows. Define µ : aZbZ → (eiϕ)Z by µ(anbm) =
eiϕn. It is easy to see that µ is a group homomorphism from aZbZ to (eiϕ)Z.

• Note that (R, S) is interdefinable with

(R, (eiϕ)Z, aZbZ, bZ, µ).

We have
S = {xµ : x ∈ aZbZ}.

So S is definable in (R, bZ, aZbZ, (eiϕ)Z, µ). Conversely, we have

bZ = {z ∈ S : Im(z) = 0}
aZbZ = {x ∈ R : ∃z ∈ S(|z| = x)}.

(eiϕ)Z = {z ∈ C : ∃w ∈ S(z = π(w))}.
Note that µ is definable in (R, S), because µ = π ◦m−1

S (where π is projection onto the unit circle
and mS gives the modulus of elements in S). So bZ, aZbZ, (eiϕ)Z, and µ are definable in (R, S).
• We have an analogue of Theorem B, which we call Theorem B′, for structures of the form

(R, (eiϕ)Z, aZbZ, bZ, µ). When proving Theorem B, we constructed a back-and-forth system between
models of some theory T . Now that we have a function µ, we must consider what happens to µ(x)
when we add an element x to the domain an element of the back-and-forth system.

• To fix this, we must assume that the graph of µ is dense in R>0 × S1. (It can be shown that this is
equivalent to (aeiϕ)ZbZ itself being dense in R>0.)

• From Theorem B′, we get the following theorem (Theorem A′) that tells us what the definable sets
in (R, S) look like.

Theorem (C.). Every subset of Rm definable in (R, S) is a Boolean combination of sets of the form

{x ∈ Rm : ∃y ∈ (bZ)n1∃z ∈ (aZbZ)n2 s.t. (x, y, z, µ(z)) ∈W}
where n1, n2 ∈ N and W is semialgebraic.

• This proves that (R, S) doesn’t define Z. By a similar proof as before, this theorem gives us that
subsets of R definable in (R, S) are Boolean combinations of Fσ sets.

Open cores

• Next we talk about a conjecture for a new classification based on the open core of a structure. First
we must define the notion of open core.

Definition 1. Let R be an ordered structure. The open core of R is the structure (R, (U)), where
U ranges over the open sets (of all arities) definable in R.

• We have proved the following result about the open core of (R, aZ(eiϕ)Z).

Theorem (C.). The open core of (R, aZ(eiϕ)Z) is (interdefinable with) (R, aZ).

The proof of this uses a theorem of Boxall and Hieronymi [2].
• (Work in progress) The open core of (R, (aeiϕ)ZbZ) is (R, bZ).
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A new classification?

• The following is a conjecture for a new classification of expansions of R by finitely generated subgroups
of C.

Conjecture. If S is an infinite finitely generated subgroup of C×, then one of the following holds:
(1) (R, S) defines Z;
(2) (R, S) is d-minimal;
(3) the open core of (R, S) is R (i.e. every open definable set is semialgebraic);
(4) (R, S) is not d-minimal and the open core of (R, S) has the form (R, aZ) (a > 1);
(5) the open core of (R, S) has the form (R, Sω), where Sω := e(i+ω)R.

• Why do we need the fifth case? It may happen that the structure we are considering defines Sω for
some ω ∈ R. We give an example of such a structure shortly. Since Sω ∪ {(0, 0)} is closed in R2, we
must include R2 \ (Sω ∪ {(0, 0)}) in our open core.

• It is shown in section 3.4 in [10]) that (R, Sω) is d-minimal.
• It can be shown that:

Proposition. If a 6= 1 and b 6= 1 and S := (aeiϕ)ZbZ is not dense in C, then there is nonzero ω ∈ R
such that (R, S) defines Sω := e(i+ω)R.

In fact, we prove this by showing that if S is not dense in C, then there are nonzero ω ∈ R and
k ∈ Z such that S[k] ⊆ Sω and S[k] is dense in Sω.
• In the above conjecture, (1), (2), and (3) are mutually exclusive. (3) and (4) are mutually exclusive,

because aZ is a closed, infinite, and discrete set and R is o-minimal. It can be shown that (4) and
(5) are mutually exclusive.

• If we do not have the assumption in (4) that (R, S) is not d-minimal, then (2) and (4) are not
mutually exclusive. For example, (R, aZ) is d-minimal and aZ ∪ {0} is closed, so the open core of
(R, aZ) is also (R, aZ).

• Hopefully we will be able to prove this conjecture soon.
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